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1. Introduction

Coagulation-fragmentation processes naturally occur in the dynamics of cluster growth and describe the
way a system of clusters can merge to form larger ones or fragment to form smaller ones. Models of cluster
growth arise in a wide variety of situations, including aerosol science, astrophysics, colloidal chemistry,
polymer science, and biology. In the model considered in this paper, clusters are assumed to be identified by
a single parameter, their size, which ranges in the set of positive integers N \ {0}. Equivalently, each cluster
is made of a finite number of identical elementary units and this number is usually referred to as their size.
In the following, we shall refer to i-clusters for clusters made of ¢ elementary units, ¢ > 1. In contrast, the
size of clusters may take any value in (0, 00) in the so-called continuous model.

On the one hand, coagulation is inherently nonlinear, as two or more clusters merge to form a larger
cluster (see Fig. 1.1). On the other hand, fragmentation or breakage can be classified into two categories:
linear (spontancous) fragmentation and nonlinear (collision-induced) fragmentation. In the former process,
a cluster breaks apart, either spontaneously due to intrinsic instabilities, or through external perturbations,
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Fig. 1.1. Illustration of the coagulation process where a i-cluster and a j-cluster combine to form a i + j-cluster.
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Fig. 1.2. Illustration of the fragmentation process without loss of matter, where a i-cluster breaks into smaller clusters with respective
sizes 1,42, ...,1y, with the sum of their sizes being equal to that of the original particle.
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Fig. 1.3. Illustration of non-linear fragmentation process with mass transfer. During the collision, a k-cluster, k < j, is transferred
from the j-cluster to the i-cluster, resulting in clusters of sizes i + k and j — k.

such as mechanical stress or radiation (see Fig. 1.2). In nonlinear or collision-induced fragmentation, the
collision of two clusters may lead to an exchange of mass between the clusters besides their splitting.
A typical example of a collision-induced fragmentation event with mass transfer is the formation of clusters
with respective sizes i + k and j — k after the collision of two clusters with respective sizes i and j > k,
see Fig. 1.3, a more complicated example of fragmentation with mass transfer being depicted in Fig. 1.4.
As a consequence, the maximal size of the clusters may increase when mass transfer is possible. Such a
phenomenon does not take place in nonlinear fragmentation without mass transfer: the simplest situation
in that case corresponds to the breakage of only one of the incoming clusters into smaller fragments while
the other remains intact, see Fig. 1.5. However, in general, both clusters split into smaller fragments as
depicted in Fig. 1.6.

A widely used approach in the modeling of these processes is based on rate equations, which track
the time evolution of cluster size distributions. The first equation of this kind, modeling the coagulation
phenomenon, was introduced by the Polish physicist M. Smoluchowski in his seminal papers [24,25]. The
coagulation equation, both with and without linear fragmentation, has been extensively studied over the
past few decades, the size variable being either discrete or continuous; for a detailed and thorough review,
see [4] and the references therein.

In [20], Laurencot and Wrzosek study the discrete coagulation equation with nonlinear breakage, marking
it as the first mathematical study addressing nonlinear breakage. More precisely, denoting by ;(t), i > 1,
the number density of i-clusters at time ¢t > 0, the discrete coagulation equation with nonlinear breakage
reads

i—1 0

dy; 1

7 ij,ifjrj,ifjwjd)ifj - Zri,jwﬂ/’j
j =1

1

1 oo j—1 - .
T3 DY (U =pi k)l tyrton, 0> 1, (1.1a)
j=i+1lk=1
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Fig. 1.4. Illustration of the nonlinear fragmentation process with mass transfer. Upon collision, the interaction results in net mass
transfer from the j-cluster to the ¢-cluster, illustrated by size changes to ¢ + k1 and j — k2, k1 < k2 < j, combined with the
production of other fragments with respective masses i1, ..., %,, which sums up to the net transferred amount k2 — k1. No matter

is lost overall.
‘ ' ‘ ‘

i1ttt i =14

Fig. 1.5. Illustration of nonlinear fragmentation process without mass transfer and without loss of matter. During the collision, a
i-cluster splits into smaller clusters of sizes i1, 42, ..., 4, such that iy + i3 + - -+ 4+ 4, = 4, while the j-cluster remains unchanged.
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Fig. 1.6. Illustration of the nonlinear fragmentation process in a binary collision. Upon collision between clusters of sizes ¢ and j,
one or both may fragment into smaller clusters (shown here symmetrically for generality), with mass conserved separately for each:
i14+---+14, =iand j1 + -+ Jm = j. The actual outcome depends on the collision kernel and fragment distribution function
used in the model.

V;(0) =i, i>1. (1.1b)

Here, I'; ; denotes the rate of collisions between é-clusters and j-clusters, while p; ; represents the probability
that two colliding clusters with respective sizes 7 and j merge into a single ¢ 4 j-cluster. The complementary
probability, 1 — p; ;, corresponds to cluster fragmentation, possibly involving a transfer of matter. The
coefficients (I'; ;) and (p; ;) satisfy the following symmetry property
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0<pi; =pj: <1, Ii;=T,:;>0, 1,7 > 1,

while {CIDf s =12, . i4+j— 1} is the size distribution function of the fragments resulting from the collision

between a i-cluster and a j-cluster and satisfies
P}, =95, >0, 1<s<it+j—1,

i+i-1 0> 1. (1.2)
D s =i+,
s=1

The second identity in (1.2) ensures mass conservation during each collisional breakage event, so that
conservation of matter is expected throughout time evolution. In terms of the number densities (¢;);>1,
mass conservation reads

San =i >0 (13)
=1 =1

The first term in (1.1a) accounts for the formation of i-clusters through coagulation, with a rate determined
by the effective coagulation kernel (p; ;T; j), whereas the second term represents the depletion of i-mers
due to collisions with other clusters in the system. Finally, the third term describes the creation of -
clusters resulting from the collision and subsequent breakup of larger clusters. It is worth noting that the
assumption (1.2) allows for mass transfer between the colliding clusters, meaning that some of the resulting
clusters may be larger than either of the incoming clusters. In other words, mass transfer between the
colliding clusters may occur and the mean size of the system of clusters does not necessarily decrease
during the time evolution. Let us also mention here that, when p; ; = 1, the equation (1.1) reduces to
the classical Smoluchowski coagulation equation. In [20], the authors investigate the existence, uniqueness,
mass conservation, and long time behavior of weak solutions to (1.1) under reasonable assumptions on
the collision kernel and the daughter distribution function. The study performed in [20] also explores the
occurrence of the gelation phenomenon; that is, the breakdown of the identity (1.3) in finite time. In [3],
the previous work is extended to investigate classical solutions and explore various additional properties.
The continuous counterpart of (1.1) has undergone significant study in recent years; see [6,7,11].

In the absence of coagulation (p; ; = 0), the equation (1.1) becomes the discrete nonlinear fragmentation
equation and reads

oo j—1 00
dy; 1 = ‘
= =3 Z Z(I)j_k,krjfk,kwjfkwk — Zfi,jd)id)j, i>1, (1.4a)

Jj=t+1 k=1 j=1
i(0) =", P> 1 (1.4b)

In [2], the well-posedness of (1.4) is studied for a broad class of collision kernels and daughter distribution
functions which does not exclude mass transfer. In addition, non-trivial stationary solutions are constructed,
a result which is closely related to mass exchange during collisions. We also mention here the analysis
performed on the exchange-driven model in [10,22,23] and its generalized version in [5], where the outcome
of the collision of a i-cluster and a j-cluster is, either a 7 4+ k-cluster and a j — k-cluster, or a i — k-cluster
and a j + k-cluster for some fixed integer k > 1, the classical exchange-driven model corresponding to k = 1.
Besides, the continuous version of (1.4) is investigated in [14].

A condition on the daughter distribution function (@7 ;) excluding mass transfer is provided in [8] and
reads

@f»] = 1[3,00) (Z)SOS,%] + 1[3,00) (j)‘ps,j;i
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fori,j>1and 1 <s <i+j— 1, where 1}, o) denotes the characteristic function of the interval [s, o). In
that case, the system (1.4) reduces to

dZ oo oo oo )

= S et — (- 60 Y Ty, i1, (1.52)
j=it1 k=1 j=1

$i(0) =y, i1, (1.5b)

where 611 =1, 6,1 =0, 7> 2, and {¢; j.x,1 <i < j—1} denotes the distribution function of the fragments
resulting from the collision of a j-cluster with a k-cluster and satisfies the conservation of matter

j—1
S igigk=4, j=2 k>1 (1.6)
i=1

Since each cluster fragments into smaller clusters after a collision, see Fig. 1.5, it is expected that, in the
long time, only 1-clusters will remain.

Considerable attention has been given to the study of the continuous version of (1.5), focusing on its ana-
lytical solutions. In [8], Cheng and Redner investigate the asymptotic behavior of various classes of models,
demonstrating that certain models can be transformed into the linear fragmentation equation through a
suitable rescaling of time. This transformation is extensively applied in [9] to examine the nonlinear frag-
mentation equation with product collision kernels, addressing the existence and non-existence of solutions,
as well as the emergence of finite time singularities. Further insights into the dynamics of the models an-
alyzed in [8] are provided by Krapivsky and Ben-Naim in [17]. Additionally, the nonlinear fragmentation
equation with both product and sum collision kernels is studied by Kostoglou and Karabelas in [15], em-
ploying a combination of analytical solutions and asymptotic expansions; see also [16]. From a mathematical
perspective, the continuous version has been examined in [12,13], with a focus on the analysis of existence,
non-existence, and the occurrence of the shattering phenomenon.

As for the discrete setting, the existence of classical solutions to (1.5) is established in [1] for collision
kernels having at most quadratic growth

Tij < Aij,  ij>1, (1.7)

and a broad class of fragment distribution functions. Various other properties, including uniqueness, differ-
entiability, moment propagation, and large time behavior, are also investigated. Motivated by the recent
study [19], where the Redner-ben-Avraham-Kahng (RBK) cluster system, also known as the cluster eating
system, is investigated without imposing growth conditions on the kinetic coefficients, the aim of this work
is to show that the growth condition (1.7) can be relaxed and that global mild solutions to (1.5) can be
constructed assuming only the collision kernel (T'; ;) to be non-negative and symmetric; that is,

0<TIy; =", i,j > 1. (1.8)
However, the dissipation properties of the collision-induced fragmentation system are much weaker than
those of the RBK cluster system and this sole assumption does not seem to be sufficient to derive an

existence result for (1.5). Thus, as in [1], it requires to be supplemented with an additional assumption on
the fragment distribution function, besides (1.6): there exist non-negative constants o and «; such that

Pi,jik < ag+ Q195 k5 forall 1 <i< Jj—1, k> J- (19)
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A possible physical meaning of (1.9) is in some sense the following: when a j-cluster and a k-cluster collide,
see Fig. 1.5, the proportion of i-clusters, 1 < i < min{j, k}, produced by the splitting of the min{j, k}-
cluster is smaller than that produced by the splitting of the max{j, k}-cluster, up to the scaling factor ;.
Equivalently, when two clusters collide, the splitting of the largest one produces proportionally more small
fragments that the splitting of the smaller one.

Remark 1.1. It is important to note that the assumption (1.9) holds for a wide range of fragment distribution
functions. Indeed, typical examples include bounded fragment distribution functions such as

i
Pigik = 771

j—1 ’
§ ll+1/
=1

for v > —1, which reduces to the uniform distribution

2
(Pi,j;k:.il, 1§’L§]71, 322, kZL
j—
for v = 0. It also includes unbounded fragment distribution functions like
Pijik = J0i1, 1<i<yj—-1, 722, k=>1,

which satisfies (1.9) with (ag, 1) = (0,1), the fragment distribution function (1.10) for v < —1, which
satisfies (1.9) with

22—|—1/7 Ve [_27_1)7
Qo = 0, o] = ill+y
, v< =2,
=1
and
1 g2t o ‘
(pi7j;k_§2j——.j—l, 1<i<j-1, j=22, k=1, (1.11)

which satisfies (1.9) with ag = @3 =1, see Lemma A.1 in the Appendix.

As we shall see below, assumptions (1.6), (1.8), and (1.9) allow us to construct mild solutions to (1.5) for
a large class of initial conditions, including all non-negative sequences having a finite superlinear moment.
To be more precise, for ¢ > 0, let us define the Banach space

Y, = {1/) =)z i €R, Zigwi‘ < OO}
i=1

with the norm

oo

[llo =D ilsl, ¢ €Y,

=1

along with its positive cone

Yo ={YeY,: 9 >0 for each i > 1}.
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In particular, for a non-negative cluster distribution ), the norm ||1||o represents the total number of clusters,
while the norm |[¢]|; accounts for the total mass of the clusters, so that the conservation of mass (1.3) is
equivalent to [|¢(¢)||1 = |||y for all £ > 0. We next introduce the set G; of non-negative and convex
functions G' € C2([0, 00)) such that G(0) = G’(0) = 0 and G’ is a concave function, as well as

91,00:2{6*691 : lim Mzoo}

(—o0 C

It readily follows from the definition of G; o, and I’'Hospital rule that any G € G o, satisfies

lim G'(¢) = lim GO _ 0. (1.12)

(—o0 (—o0 C

Remark 1.2. One can check that the functions z — 2™ with m € (1,2] and z — z[In (e™! + z)}m with
m > 1 belong to Gi o, but not z +— zIn(1 + 2) (though it belongs to G; and satisfies (1.12)).

With this notation, we may summarize the main contribution of this work as follows: given a collision
kernel satisfying the symmetry and non-negativity condition (1.8) and a fragment distribution function
satisfying (1.6) and (1.9), we construct a global mild solution to (1.5) for any initial condition ¢'™ € Y7
such that

D Go(i)gi™ < oo

i=1

for some function Gy € G; . In particular, the price to pay for having no growth condition on the collision
kernel is that we cannot handle arbitrary initial data in Y7 . Still, the existence result applies to any initial
condition 1™ which belongs to Y, 4 for some o > 1.

Before presenting the existence result, we first recall the definition of a global mild solution to (1.5) in
Y +.

Definition 1.3. Consider ¢'™ € Y; . A global mild solution v = (¢;);>1 to (1.5) is a sequence of non-negative
functions in L*>°((0, 00), Y1, ) satisfying, for each ¢ > 1 and ¢ > 0,

(i) ¥i € C([0,00));
(i)

SN vigwliwtive € L(0,1), Y Ty € LY((0,1));
j=itlk=1 j=1

(iii)
Yi(t) 7/1111 / Z Z%pm kL5t (s)Yn(s)ds

0 Jj=i+1k=1
(1.13)

tOO
-0 1)/2 zj'lpz )5
0o J=1

Theorem 1.4. Assume that the kinetic coefficients (I'; ;) and (pi k) satisfy the assumptions (1.8), (1.6),
and (1.9). Consider Y™™ € Y1 4 such that
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Jo =Y _ Go(i)yhi" < oo (1.14)

i=1

for some Gy € Gi1,00. Then there exists at least one global mild solution 1 to (1.5) in the sense of Defini-
tion 1.3 which additionally satisfies the mass conservation (1.3)

l@lh = ¥"l, =0

Moreover, for any non-negative sequence (A;);>1 such that the sequence (A;/i);>1 is non-decreasing and

Ma(W™) =" A" < o, (1.15)

i=1

then the mild solution ¥ = (v;);>1 constructed above satisfies the uniform-in-time tail estimate

ZAil/fi(t) < ZAﬂ/}in forallt >0 and r > 1. (1.16)

=7

A straightforward consequence of Theorem 1.4 is that, given o > 1 and ™ € Y, ,, there is at least one
global mild solution # to (1.5) in the sense of Definition 1.3 which belongs to L*((0, 00), Y, +). Indeed, one
applies Theorem 1.4 with G¢(¢) = (7 and A; = i°.

We next identify an additional simple structure condition on the kinetic coefficients (I'; ;); j>1 which,
along with the boundedness of the fragment distribution function, allows us to show that the mild solution
to (1.5a) constructed in Theorem 1.4 is actually a classical solution.

Theorem 1.5. Assume that there is a non-negative sequence (A;);>1 with A1 > 1 such that the sequence
(Ai/i)i>1 is non-decreasing and the kinetic coefficients (T'; ;) satisfy

0<Ti; =T <AA;,  i,j>1 (1.17)

Assume also that (@, j.x) satisfy the assumptions (1.6) and (1.9) with oy = 0; that is,
Vi gk < Qo, 1<i<j—-1, 722, k>1. (1.18)
Finally, assume that the initial condition ™ € Y; 4 satisfies (1.14) for some function Gy € G100, as well

as (1.15). Then there is at least one mass conserving classical solution ¥ = (1;);>1 to (1.5); that is, for each
i>1, ¢ € CY([0,00)),

(1=6:1) > _Tijtih; € C([0,00)), DD wiiwliatin € C([0,00)), (1.19)
j=1 j=i+1 k=1

and (1.5a) is satisfied pointwise for all i > 1. Furthermore, ¢ satisfies
o .
Mp((t) =Y As(t) < MA($™),  £>0. (1.20)
i=1

In contrast to (1.9), the assumption (1.18) implies the boundedness of the proportion of small clusters
resulting from the collision of two clusters whatever their sizes, and thus precludes the formation of too
many small clusters when a large cluster splits. The significant role of the structural assumption (1.17) in the
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existence theory for coagulation-fragmentation equations is already observed in [18,19]. Taking A; = VAi,
i > 1, the collision rate satisfies (1.7) and we recover the existence result established in [1, Theorem 2.1] by
a different approach, but for a smaller set of initial conditions.

We supplement Theorem 1.5 with a uniqueness result under the assumption of the finiteness of a higher
moment of the initial condition. The proof relies on an estimate on the difference of two solutions in a
suitably chosen weighted space, a classical approach to uniqueness for coagulation-fragmentation equations,
see [4, Section 8.2.5] and the references therein.

Theorem 1.6. Assume that the hypotheses of Theorem 1.5 hold, and let Y™ € Y1 4 satisfy
M= (™) ZA%I“ < 0. (1.21)
i=1

Then there exists a unique classical solution ¥ = (1;);>1 to (1.5) such that
Mz (1) ZAQ% ) < Mp=(4p™)  for all t > 0. (1.22)

The paper is organized as follows. Section 2 is dedicated to establishing the proof of Theorem 1.4,
employing a compactness method and the approximation of the system (1.5) by finite systems of ordinary
differential equations. Section 3 is devoted to establishing the existence of classical solutions, which is derived
from Theorem 1.4 and appropriate moment estimates. The uniqueness of classical solutions is then dealt
with in Section 4. In Section 5, we investigate the asymptotic behavior of solutions.

2. Existence of mild solutions
We fix ™" € Y] ; satisfying (1.14) for some G € G . We then define

G1<<>=G°§Q, (>0, Gi(0) =0,

and recall that the properties of Gy imply that G is non-negative, increasing, and concave. In addition,

(—o0 C

since Gy € G1,00-
For p > 3, let us next introduce the truncated version of (1.5) as

p
dd) Z ZF] kPi,j; kﬂ} 1/% - z 1 Zrz ﬂ/fpl[/?, (2.2&)

J=i+1k=1 Jj=1

¥7(0) = 3", (2.2b)

where ¢ € {1,2,---,p}. We first report the well-posedness of (2.2) which is a classical consequence of the
Cauchy-Lipschitz (or Picard-Lindelof) theorem, together with the mass conservation (2.4).

Lemma 2.1. Let p > 3. There is a unique solution P = (Y¥)1<;<, € C*([0,00),[0,00)P) to (2.2). For any
sequence of non-negative real numbers (v;);>1, there holds
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d p p —1
a Z ’UZTZJ;D + Z (’Uj — Z vigoi7j;k>I‘j7kw§?wZ = 0 (23)
i=1 j=2 k=1 i=1
In particular,
P P ' .
Yot =Y W < ¢"h,  te[0,00). (2.4)
i=1 i=1

Proof. As already mentioned, the local well-posedness of (2.2) and the componentwise non-negativity of
the solution are straightforward consequences of the Cauchy-Lipschitz theorem, since the right-hand side
of (2.2) is locally Lipschitz continuous and quasi-positive in RP. Next, a simple computation leads to the
identity (2.3) which, in turn, gives the mass conservation (2.4) (with the choice v; =4, ¢ > 1) and thereby
excludes finite time blowup of the solution. O

Exploiting (2.3) for a particular class of sequences (v;);>1 provides addition information on ¢?.

Lemma 2.2. Let p > 3 and consider a sequence of non-negative real numbers (v;);>1 such that (v;/i);>1 is
non-decreasing. Then, fort >0,

p p
0< Z’Uﬂ/)f(t) < Zvﬂ/);n, (2.52)
i=1 i=1

=1

tp p Jj—1 p
0< /ZZ (Uj - Ui@i,ﬁ’ﬂ) L7 (s)¥p(s) ds < Zlvﬂ/J? (2.5b)
0 i=

Proof. Let j > 2 and k > 1. Since (v;);>1 is a non-negative sequence such that (v;/);>1 is non-decreasing,
we infer from (1.6) that

=1 j—1
Vi .
W—Ew%m=w—§-ﬂ%m
i=1 i=1

Jj—1
vs
j .
Zw—TEZ%M=w—w=0
=1

Each term on the left hand side of (2.3) is therefore non-negative and we obtain (2.5a) and (2.5b) after
integration with respect to time. 0O

Several estimates on the solutions to (2.2) can then be deduced from Lemma 2.2. Let us begin with a
uniform control on the tail of the first moment.

Lemma 2.3. Forp>3,2<r <p, andt >0, we have
P P ©
PLACED DL D PLE

i=r

Proof. We note that the sequence defined by

v; =0, 1<i<r—1, v =1, >,
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is non-negative and (v;/i);>1 is non-decreasing. We then apply Lemma 2.2 with this sequence and deduce

Lemma 2.3 from (2.5a). O
We next turn to estimates on the reaction terms.
Lemma 2.4. For p > i > 1, there is C; :== Jo/[iG (i + 1)] > 0 such that

¢ p
(1—6i1) /Zri,jqﬁf(s)wf(s)ds <C;i t>0,

o J=t

PP
/ Z Z @ik Li a0y ()p(s)ds < Cy, £ > 0.

o J=itlk=1

(2.6a)

(2.6b)

Proof. Since (G1(7))i>1 = (Go(i)/i) N is a non-decreasing sequence, we infer from (1.14) and Lemma 2.2
= i>1

with v; = G (i), i > 1, that, for t >0,

and

tp p
0< [330) G 0))ipe T2 (50 (5)ds < To.
)
Owing to the concavity of G,
Gi1(J) —Gi(l) = (j —DG1(j), 1=1<j—1,

so that, using once more (1.6), we have

j—1

Z (Gl(j) 1801,3 k= Z 1 — Z @z,] k
1=1 =1
J—
= G1(j) <j2 - Zi%i,j;k)
>GWﬁ<J—-J—1§:wmk>

= jG1(5)-

Combining the above lower bound with (2.8), we find

2.7)
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¢ p
/ > IGH G} () (s) ds < Jo. (2.10)
0 J=2k=1

In particular, for p > i > 2 and ¢ > 0, we deduce from (2.10) that

t p
oz [ i OTd? (6)0hs) ds
0 k=1

whence (2.6a) since G} (i) > G (i + 1).
We next infer from (2.8), (2.9), and the monotonicity of G; that, for p >4 > 1 and ¢ > 0,

Jo 2/ Z D D (Gr(h) — Gi()lprjir T kt? ()90 (s)ds
0
> [ 32 Y (Gi0) - Grliigisal s (s)ed(s)ds
0

[G1(Z + 1 / Z Z%] kF] kw )Wiz(s)dé‘

0 J=itlk=1

P p

ZZG Z+1 / Z Z@z,]k ]qu[} )Q/JZ(S)CZS

O]H-lkl

which completes the proof. O

An immediate consequence of Lemma 2.4 is the following bound on the time derivative of ¢?.

Corollary 2.5. Forp>i>1 and t > 0, we have

s)|ds < 2C;. (2.11)

We now turn to the derivation of additional estimates on the reaction terms. Following the strategy
outlined in [1, Proof of Theorem 2.1], we arrive at the main estimate of this section, which provides control
over the contributions arising from the tails of the two infinite series on the right-hand side of (1.13).

Proposition 2.6. Fori>1,t >0 and i < m < p,

t

(1—6:1) / S Ta 0P (51 (s)ds < em, (2.12)

0 j=m+1
¢ p p
[ 30 Sl (5 (ds < i) (213)
0 Jj=m+1k=1
t m P
/Z Y @il at? ($)7(s)ds < aoem + arwm (i), (2.14)
0 J=itlk=m+1
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with

SR/ N and wp, (i) =

cm inf {2G1(2)}

Jo
Gi(m+1) — G1(i)

(2.15)

Proof. Consider first ¢ > 2 and ¢ < m < p. Then, by (2.10),

t p
To > / S GG (T30 ()9 ()
0 7=2

tLop

> / S GGG ()0 (s)ds

0 J=m+l

> 1nf{zG1 / Z T, 0P (s)Y" (s)ds

ijJrl

and we have proved (2.12).
Next, for 1 < i < m < p, we infer from (2.8) and the monotonicity of G; that

which gives (2.13). Now, by (1.9),

t m P
/Z D @ikl atl ()P (s d8<@o/ Z Z Ty tf (8)¢r(s)ds

0 j=it+1 k=m+1 0 Jj=t+1 k=m+1

t m p
al/ Z Z Di ki U105 ()R (s)ds

) J=itlk=m+1

We estimate each of the terms on the right-hand side separately and begin with the first one. Owing to the
monotonicity of Gy,

/ S Y Tl / > > M et

0 J=it+lk=m+1 o J=itlk=m+1

t

- 1nf{zG /Z Z kG (k L5635 (8)7(s)ds

0 J= i+1 k=m+1
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= 1nf {ZG1 )} O/ZZ b kI/JP( ok

J=1k
Applying the substitution j <+ k and invoking (2.10), we obtain

to » ot

0Jo
ao [ 30D Tuadfoueds <
R inf {zG(2)}

0 J=itlk=m+l z>m
We next deal with the second term and use once more the monotonicity of G to obtain

t m p
al/ Z Z @i ki U r5 ()7 (s)ds

o g=itlk=m+1

B3> = e s Tkt ()R

0 j=i+1 k=m+1

ay

S Gim+ 1) - Gi()]

Z Y D [Gi(k) = GiD)]pra Tty ()0 (s)ds

< G 1) — Gl ZZ [G1(k) — Gi(D)lpr, k5T k0% ()37 (s)ds

Applying estimate (2.8), we end up with

t m p P » Oé]jO
al/ Yo > eunliatl (s)dr(s)ds [Gl(m+1) G1(9)]’

0 d=itlk=m+1
which completes the proof. O

Proof of Theorem 1.4. Owing to (2.4) and (2.11), the sequence (¢¥),>3 is uniformly bounded and has
uniformly bounded variation on every finite time interval for each ¢ > 1. Consequently, we are in a position
to apply Helly’s selection principle [21, Theorem 2.35], along with a diagonal argument, to conclude that
there exist a subsequence of (¢?),>3, still denoted by (¢?),>3, and a sequence of functions ¥ = (1;);>1
such that

lim P (t) =;(t) forallt>0andi > 1. (2.16)

p—o0

Clearly, ¥;(t) > 0 for i > 1 and ¢t > 0, and it follows from (2.4), Lemma 2.3, and (2.16) that, for r > 1,
p>q>r+1landt>0,

q . N
;ilﬁi(t) = pli_&;iqu’(t) < ;Win.

By letting ¢ — oo, we obtain

oo

> ii(t) < an r>1,t>0. (2.17)

=7
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A similar argument allows us to deduce that
oo
> Go(iyi(t) < Jo, >0, (2.18)

from (2.7) and (2.16). Next, let t > 0, ¢ > 1, and r > 4. It follows from Lemma 2.4 and (2.16) that

t T ¢ T
(1—0i1) /Zri,j¢i($)¢j(5)ds =(1- 5i,1)pliﬂgo/Zri,ﬂ//f(s)ﬂff(s)ds <
0o J=1 0o J=1

and

t

/Z Z‘Pukrﬂﬂ/}]( )i (s)ds = hm/ Z Z‘Pukrjkl/f W’p( )ds < C;.

0 J=itlk=1 J=i+1 k=1

Letting » — oo and using Fatou’s lemma, we obtain

t o0
(1—8:1) / D Tijti(s)s(s)ds < Ci, ¢ >0, (2.19)
j=1

and

/ S eialinti(s)vu(s)ds < Ciy, > 0. (2.20)

o g=itlk=1

In the same way, we infer from Proposition 2.6 and (2.16) that, for m > ¢ > 1,

> Tai(s)v(s)ds < em (2.21)
0 J=m+1
and
t oo o0
S i guliath(s)er(s)ds < wml(i), (2.22)
0 Jj=m+1 k=1
/ ) Z Pi skl k0 (8) Uk (s)ds < qoem + anwnm (i). (2.23)

0 Jj=t+1 k=m+1

We are now ready to complete the proof of Theorem 1.4 and first observe that it follows from the
estimates (2.19) and (2.20) that Definition 1.3(ii) is satisfied. Besides, the convergence (2.16) and the tail
control (2.17) imply that, for any ¢ > 0 and p > r > 2,

[07(®) = v ®)lh <Z EAOREOI SO LA
< Zz‘\¢f(t> — ()] +2D i
i=1 i=r
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Consequently,
o0
limsup |7 (t) — ¢(8)]1 <2 i,
P00 i=r

and we take the limit 7 — oo in the above inequality and use the summability properties of ¥ to conclude
that

lim [ (t) - ¥(t)])1 = 0. (2.24)
pA)OO
In particular, we infer from (2.4) and (2.24) that, for all ¢ > 0, we have
T D T D o in
[l = tim @@l = Tim 9O = 16,
which shows that 1) satisfies the mass conservation property (1.3).

We next fix ¢ > 1 and ¢ > 0. On the one hand, it follows from (2.12), (2.16), and (2.21) that, for
1+ 1< m < p, we have

0

P
D T U (s) ZF JWi(s)w(s

j=1

-

=

<.

< [Sorureee) - vl elds+ [ 30 Tt
0

0 Jj=m+1

:’m

/ti Tt ()

< /ZF G107 ()08 (s) — () (s)]ds + 2em,
Jj=1

recalling that e, is defined in (2.15). By virtue of (2.4), (2.16), and (2.17), together with the Lebesgue
dominated convergence theorem, we may pass to the limit as p — oo in the above inequality to obtain

)|ds < 2ep,.

an Zruwz §)1; (s

J=1

t
limsup (1 —d;1 /
p—o0
0
Since G € G1,00, the function Gy satisfies (2.1), so that the right hand side of the above inequality converges
to zero as m — oco. We thus let m — oo in the above inequality to conclude that
t

lim (1 —6;1) /
p—)oo
0

)|ds = 0. (2.25)

Zr”w Zr,m (s)¥;(s
j=1

We next turn to the convergence of the first term on the right hand side of (2.2a). For p > m > i+ 1, we
infer from (2.13), (2.14), (2.22), and (2.23) that
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P
Z@ igsk L, kw Z Z‘Pm KLkt (s)¥n(s)|ds

Jj=i+1 k=1 Jj=i+1k=1

/s

ZQO ,],ijk('(/) (s )I/Jk( ) — 3(8)¢k(s)) ds

m P
Z Z @i,k Lg% (s)1 (s)ds

Z Pijik L k5 () Yn(s)ds
=m+

> @ikl et (8)Yn(s)ds
j=m+1

k=1

(2.26)

z > sl (W) — 3 (5)n()|ds
1+1

=1

?r

0 Jj=

+ 2(a0Em + a1wm () + 2wy ().
On the one hand, it follows from (2.4), (2.16), (2.17) and the Lebesgue dominated convergence theorem that

t
lim =0. (2.27)
p—o0

0

PP
Z Z @i gkl e (WE0R — jabe) (s)|ds

j=i+1k=1

On the other hand, it follows from the properties (1.12), (2.1) and (2.15) that

lim &, = lim w,({)=0. (2.28)

m—o0 m—r oo

Consequently, using (2.27), we may take the limit p — oo in (2.26) and find

Z sz’]k qub Z Z‘Pz,]k jk'(/J] )wk(S) ds

Jj=i+1 k=1 Jj=i+1 k=1

< 2(a05m + a1wm(i)) + 2w, (4).

lim sup /
pP—o0
0

We next let m — oo and deduce from (2.28) that

plggo (2.29)

Z Zsoukmw Z Zgo”krjkwj s)ibr(s)|ds

j=i+1k=1 j=i+1k=1

Owing to (2.16), (2.25), and (2.29), we may pass to the limit as p — oo in the integral formulation of the
equation satisfied by ¢?, thereby concluding that ¢; satisfies (1.13). Moreover, since the integrands on the
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right-hand side of (1.13) belong to L{ .([0,00)), it follows that ¢; € C(]0,00)), and we have proved the
existence part of Theorem 1.4.

Finally, we assume that the initial condition ¥™ satisfies (1.15). Let » > 1 and ¢ > 0. Since the sequence
defined by v; =0 for 1 < ¢ <r —1 and v; = A; for i > r satisfies the assumptions of Lemma 2.2, we infer
from (2.5a) that, for p > m > r, the solution ¥P to (2.2) satisfies

ZW” ) < ZA r (1) Zwm < ZA o

Thanks to (2.16), we first take the limit as p — oo and subsequently let m — oo in the above inequality to
derive (1.16) and complete the proof of Theorem 1.4. O

3. Existence of classical solutions

Proof of Theorem 1.5. In this section, we assume that the kinetic coefficients (I'; ;), (¢i,j:x), and the initial
condition ¥™ satisfy (1.17), (1.6), (1.18), (1.14), and (1.15), respectively. It follows from Theorem 1.4
that (1.5) admits a global mass-conserving mild solution satisfying (1.16). Our goal is to prove that the
additional assumptions (1.17) and (1.18) ensure the continuity properties (1.19) as well as the C'-regularity
of 1; for each i > 1. To this end, for (s,t) € [0,00)? and m > i > 2, we deduce from (1.3), (1.16) and (1.17)
that

\Zr,ng 0 Zr,m $)5(s)]| < Zrm )03 (8) = () 5)|

w|1/”/h — (Vi) ()] + A Z Aj (i) (8) + (i) (s)]

j=m+1

IN

Ms HMS

L | (i) (1) = (Vi) ()] + 2M ™l > A,

Jj=m+1

<.
Il
—

Due to the continuity of ; for all j > 1,

hrnsup‘zr GUi();(t) ZFUT/% 5);(s ‘<2Ai|‘¢in”1 Z Aﬂ/’;‘n’

j=m+1

and, applying (1.15), we can let m — oo in the above inequality to conclude that

her”z/;Z )1 (s ZP SUi()0;(1) (3.1)

Similarly, consider (s,t) € [0,00)? and m > i > 1. By making use of (1.6), (1.15), (1.16), and (1.17), we
obtain

Z Z‘Pm ij kw] d)k Z Z‘Pm kIFj kd)j )1/}k( )

Jj=i+1k=1 Jj=i+1 k=1

oo

<2

j=it1 k=1

(V50n) () — (P0r) ()]
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m

< Z Z wi gkl

j=i+1k=1

(V50n) () — (P5¢r) ()]

+ 3 D> eurll@n) () + (50n) ()]

j=t+1k=m+1

+ Y > euali kW) () + (L) (s)]-

j=m+1 k=1
Thanks to (1.16), (1.17), and (1.18),

Do > il () + (i) (s)]

j=i+1 k=m+1

Sag DY AGAR[(Wr) (1) + (k) (s)]

j=i+1 k=m+1

§040< Z Apthr(t) + Ma(¥(s)) i Ak@/fk(s))

k=m+1 k=m+1

<200Ma(¥™) > ARt

k=m+1
In a similar way we can evaluate
o0 (o) oo
0> eiaalinl(@eR) (1) + (Wn)(s) < 200Ma (™) > Ayl
j=m+1k=1 j=m+1
Gathering the above estimates, we finally obtain

Z Z‘Pz 73 krg k’l;[}j 1/% Z Z ©i.j; kF] kd’j )d)k( )

Jj=i+1 k=1 J=i+1 k=1

< DD ikl () () — (Ln) ()| + daoMa (™) D Al

j=it+1 k=1 j=m+l1

and proceed as in the derivation of (3.1) to find

‘lllg Z ZSDZ] kF] kwj 1/% Z Z@ljkrj kw] )wk()

j=i+1k=1 j=i+1 k=1

19

(3.2)

The continuity properties (1.19) follow directly from (3.1) and (3.2). Moreover, applying Definition 1.3(iii)
in conjunction with (1.19), we deduce that v¢; € C'([0,00)) for all i > 1. Finally, the bound (1.20) is an

immediate consequence of (1.16) with r =1. O

4. Uniqueness of classical solutions

Proof of Theorem 1.6. To begin with, we observe that the non-negativity and monotonicity of (A;/7);>1

entail that
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A2 A 2 A2 A2

i+1 . i+1 . U i .
S 4+ D)= ) () =22 >1
1+ 1 (Z )(z’+1) Z(z) i’ ! ’

so that (A%/i)izl is also a non-negative and non-decreasing sequence. Moreover, A? > AA; > A; for
i > 1 with A? > 1, so that (1.17) implies that (T; ;) also satisfies (1.17) with A? instead of A;. Taking
into account (1.21), we are in a position to apply Theorem 1.5 to deduce the existence of at least one
mass-conserving global classical solution ¢ to (1.5) which satisfies the estimate (1.22).

We now establish the uniqueness result stated in Theorem 1.6. To this end, we follow the classical approach
to uniqueness for coagulation-fragmentation equations, see [4, Section 8.2.5] for instance and the references
therein, and derive an estimate on the difference between two solutions in a suitably chosen weighted space.
Such an approach is already used in [1, Corollary 3.1] with a power weight and we adapt it here in the
more general setting of Theorem 1.6, the appropriate weight being the sequence (A;);>1. It is worth noting
that, as usual, the proof requires slightly stronger conditions on the collision coefficients compared to those
assumed for the existence result.

Let us thus consider two classical solutions ¢ = (¢;);>1 and ¢ = (¢;);>1 to (1.5) satisfying (1.22) and set
H =1 — ¢. Then, for ¢ > 1, H; solves

d o0
Z anw YeHj + ¢ H) — (1= 6;1) Y T gltonH; + ¢ Hy,
k=1

j=i+1k=1

from which we deduce that

dtZA|H|—Z Z ZA sgn(H; )i i Ljr [UnHj + &5 Hy]

i=1 j=i+1 k=1

- Z Z Ai sgn(Hi)Ts i [ Hi + ¢ Hy|

~
||
)
B
Il
A
.
Il
-

=2 k=1
oo oo j—1

<> Nipi g Dgre [V Hy| + ¢ | Hyl]
=2 k=1 i=1

+ DD ATk — nlH | + 65 Hl]-
Owing to (1.6) and the monotonicity of (A;/i);>1, we obtain

j—1 =

ZAiSDi,j;k <2 Zi%,j;k =A

i=1 J =
Applying this bound gives

i ZA < 305 ATl |+ 6

J=2 k=1
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AT [ — okl Hj| + 6| Hi]

n
M
NE

<
||
N
x~
Il

1

I
&
M8

U
N
ES
Il

AT kg | Hel

J 1

Finally, we conclude from (1.17), (1.22), and the above inequality that

d o0 oo oo in o0
7O M <23 > ATARe; | Hy| < 2Mpe (™) Y AilHil,
=1 J=2 k=1 1=1

and an application of Gronwall’s lemma completes the proof. O
5. Large time behavior

We now examine the asymptotic behavior of solutions in the long-time regime. As previously noted, the
dynamics of this model ensures that clusters fragment solely into smaller components upon collision. This
structural constraint suggests that, as ¢ — oo, the system evolves toward a state where only 1-clusters
persist.

Proposition 5.1. Suppose that (T; ;) and (i ;) satisfy (1.8), (1.6), and (1.9). For any Y™ € Yi 4 sat-
isfying (1.14) for some Go € G100, the mass-conserving global mild solution ) to (1.5) constructed in
Theorem 1.4 satisfies

Jim [[(t) = [y =0

for some limiting sequence Y™ = (¥5°);>1 € Y1 . Furthermore, if I'; ; > 0 for some i > 2, then ¢° = 0.

Proof. The proof proceeds along the same lines as that of [20, Proposition 4.1], see also [26], and relies on
the time monotonicity of truncated masses. Specifically, for each p > 1, we multiply the i-th equation by i
and sum from i = 1 to p. After integration with respect to time, we obtain that the truncated mass

P

A1) =it =0,

i=1

satisfies

Ap(tz2) = Ap(t) +/ DD it (s)vn(s) ds > Ay(th) (5.1)

= k=114=1

for to > ¢; > 0 and is thus non-decreasing with respect to time. Since the total mass is conserved, A,
is uniformly bounded with respect to time on [0,00), hence admits a finite limit A>® > 0 as ¢t — oo.
Noticing that 1 = Ay and ¢; = A; — A,_; for i > 2, we deduce the existence of limits ¥7° := A{® and
PP = AP — AP 1> 2,

Tm () =0, iz
and the limiting sequence (15°);>1 belongs to Y7 ;.
A further consequence of (1.6) and (5.1) is that pI'pi1p41¢75,, belongs to L'(0,00). In particular, if
Ipt1,p+1 > 0 for some p > 1, the corresponding estimate forces ¢p¢; =0. O
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Appendix A. The daughter distribution function (1.11)

This last section is devoted to the study of the daughter distribution function (y; ;) defined in (1.11),
which is unbounded and satisfies the condition (1.9), as claimed in Remark 1.1.

Lemma A.1. The fragment distribution function

1 21

2% o1 1<i<j—-1, j=2, k=1,

Pi,jsk =
defined in (1.11), satisfies (1.9) with ap = aq = 1.

Proof. Introducing the function

we note that

=" 1<i<jo1 g2 k21
A tedious computation reveals that ¢ is increasing on [4, c0) with
) =4>E(3)=3> @) = .
We claim that
Gy <2+6k),  2< <k (A1)

Indeed, (A.1) is obvious for j > 4 due to the above mentioned monotonicity of € on [4, c0). We next observe
that

£B)<1+E(4) <1+&(k),  k>5,
and
£(2) S1T+E(3) <2+4+£(4) <2+E(k), k =5,

where we have used again the monotonicity of £ on [4, 00) to derive the above inequalities for k& > 5.
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Having established (A.1), we consider 2 < j < k and 1 <i < j — 1. It follows from (A.1) that

j 24 &(k
ik = 5(4) < 76( ) <1+ @ik,
20 20
which shows the validity of (1.9) with ap = a3 = 1 and completes the proof. O
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