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A B S T R A C T   

A mathematical model is developed to analyze the wave-trapping characteristics of different types of porous and 
non-porous barriers in arbitrarily shaped domains utilizing the iterative Dual Boundary Element Method (DBEM) 
under the resonance conditions. In this analysis, Vertical, Wavy, Inverted V-shaped, and Inverted L-shaped 
barriers are utilized to investigate the effect of incident waves over the boundary of the harbor. The harbor is 
divided into an interconnected domain with variable bathymetry, and the Helmholtz equation is solved in each 
subdomain utilizing the prescribed boundary conditions. Further, the semi-empirical discharge equation with 
quadratic pressure drop is considered on the porous barrier to incorporate the effect of incident wave amplitude 
on the energy loss. The present numerical scheme is validated with existing studies and verified with conver-
gence analysis. Further, the mathematical model is implemented on the Visakhapatnam port at four key locations 
with improved performance of different types of barriers. Moreover, the influence of the partial reflection co-
efficient is also investigated by considering the various combination of partially reflecting boundaries of the port. 
The wave trapping or absorbing characteristics of porous barriers proves an efficient tool to reduce the wave 
resonance inside the port.   

1. Introduction 

In coastal engineering, one of the major issues is the unpredictable 
behavior of the oceanic wave, and it disastrously affects the marine 
infrastructure such as ports, moored ships, mooring ropes, and fenders 
and also affects the waterfront populace. The coastal engineers consis-
tently work to develop the technique to protect the coastal structures 
from destructive incident waves. One such approach is to build the 
barrier along with the coastal structures in the coastal regions. The 
barrier proves to be an efficient tool in reducing wave energy dissipation 
and creating a calmer area. Various researchers recommended that the 
barriers be installed such that they undergo an easy installation process, 
cost-effective, and are also effective for strong waves. The barriers are of 
various shapes, creating different influences on the resonance phe-
nomenon, and also, the location of the barrier plays a vital role in 
reducing wave oscillation inside the port. Therefore, it is required to 
investigate the effectiveness of the barrier of different shapes with 
proper porosity placed in a suitable location in the coastal region. 
Coastal structures such as harbors, shelter ports, moored ships, mooring 
ropes, and fenders can be protected from the destructive incident wave 

that causes strong wave oscillations inside the coastal region. 
Several numerical models developed to investigate the harbor reso-

nance such as the Boundary element method (BEM) for the Helmholtz 
equation considering the constant depth and partial reflection along 
with multidirectional incident wave (Lee and Williams, 2002; Kumar 
et al., 2013, 2017), variable depth (Gaillard, 1982; Kumar et al., 2021) 
and Laplace equation including variable depth and partial reflection 
(Kumar and Gulshan, 2017, 2018; Chou and Han, 1993, 1994; Kumar 
et al., 2022), Finite-Element Method (FEM) (Ham and Bathe, 2012; 
Mercadé Ruiz et al., 2017) and Hybrid Finite-Element Method (HFEM) 
(Chang and Wang, 2017; Kumar and Rupali, 2018) based on mild slope 
equation to study the influence of diffraction, refraction, and partial 
reflection on the harbor’s boundary for variable depth. The transient 
oceanic waves (Gao et al., 2019a, 2020) are mainly responsible for the 
extreme wave-induced oscillations inside the port, including the 
tsunami waves, such as solitary waves, double solitary waves, and 
N-waves (Dong et al., 2010; Gao et al., 2017, 2019b, 2021b). Serveral 
external forces such as focused wave groups (Kirby et al., 2003), infra-
gravity waves (Gao et al., 2016), and seismic waves (Zheng et al., 2021), 
can cause wave-induced oscillations inside the port. Researchers (Dong 
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et al., 2013, 2020b, a; Gao et al., 2019b; González-Marco et al., 2008) 
employed numerical research to study the harbor oscillations induced 
by low-frequency wave groups and the physical experiments to inves-
tigate the transient harbor resonance (Dong et al., 2020a; Ma et al., 
2021). 

The researchers have made several enhancements to reduce the 
impact of destructive high-amplitude incident waves on the coastal 
structure. The construction of barriers in the coastal regions has gained 
enhanced attention in this field as it reduces the resonant frequency peak 
that emerges inside the port due to the accumulation of wave energy in 
the enclosed domains, which is a key aspect of the resonance problem. 
The objective of the porous barrier is to achieve maximal wave damping 
and, by altering the phase angle, restrict the incoming waves. The solid 
porous barriers are rubble-mound barriers or concrete caisson-type 
breakwaters (Sulisz, 2005, 2015; Koley et al., 2020). Traditionally, the 
complete protection breakwater, such as the rubble mound breakwater, 
is widely used to obstruct the water circulation near the coastal region 
(Panchang et al., 2008; Rageh and Koraim, 2010), but it requires 
massive capital expenses and mountain rocks. It drifts the researchers on 
the lookout for alternative breakwaters that are both cost-effective and 
provide better hydrodynamic performance. Thin porous barriers offer 
easy installation and are portable, cost-effective, and environmentally 
good. Thereafter, in Porto Torres industrial harbor, Italy, and Dalian 
Chemical Production Terminal, China, a system of thin porous walls 
with three and five confined chambers are developed to provide com-
plete protection of ports from the destructive incident waves. An 
extensive study for thin structures (Ijima et al., 1975; Mattioli, 1981; Liu 
et al., 1986) are available such as vertical (Koley et al., 2015; Kaligatla 
et al., 2015; Bakhti et al., 2017), horizontal (Liu et al., 2008; An and 
Faltisen, 2012; Cho and Kim, 2013) to analyze the wave trapping 
characteristic of the barriers. 

However, the wave interaction with a thin porous barrier is a com-
plex phenomenon, and Darcy’s law does not include the energy losses 
due to the variations in wave height and is not relevant to the high 
Reynolds number (Bennett et al., 1992). In an oscillatory flow, the 
pressure drops across the porous barrier, and the flow acceleration 
through the pores is a sum of quadratic drag components and an inertia 
term leads to the nonlinear pressure drop across the porous barrier was 
established by Molin in 2011. Liu and Li (2017) and Zhao et al. (2018) 
proposed a full solution based on an iterative analytical approach and 
boundary element method to analyze the wave interaction with porous 
breakwaters having nonlinear pressure drop. Recently (Zhao et al., 
2020a,b; He et al., 2021), analyzed the gravity wave interaction with 
porous breakwater having a quadratic pressure drop using analytical 
approximations and numerically using DBEM (Nishad et al., 2021a; 
Venkateswarlu et al., 2021; Vijay et al., 2021). Hong and Chen devel-
oped the DBEM in 1988 to deal with the rank deficiency problem. It 
proves an efficient tool for solving the problem containing degenerate 
boundaries in a single domain (Chen et al., 2017; Zhao et al., 2020a,b; 
Nishad et al., 2021b). However, to analyze the proper model for the 
layout of the port, the study of resonance phenomena including break-
water considering the linear pressure drop were studied (Yu and 
Chwang, 1994) on the semi-circular harbor (Yip et al., 2001) in the 
circular harbor analytically. Chang and Wang (2017) utilized the Hybrid 
finite element method to investigate the wave response on the port in the 
presence of a permeable breakwater (Rupali and Kumar, 2021). 

The study of wave-trapping characteristics of differently shaped 
porous barriers having nonlinear pressure drop boundary conditions 
over the realistic port is limited. Therefore, numerical model based on 
DBEM is developed to examine the wave energy dissipation effects, 
including the different configurations of porous breakwaters at various 
locations with partial reflection on the Visakhapatnam port, India. The 
wave amplification is examined at the resonant frequencies for the 
incident wave utilizing different types of barriers. In this paper, the fluid 
domain is divided into two main regions, Region-I, the open sea region, 
and Region-II, the interconnected port regions containing the multiple 

porous barriers placed in a suitable location inside the domain. The 
Helmholtz equation is solved in each region using dual integral equa-
tions, the singular integral equation at the port boundary and pseudo 
boundary (non-degenerate boundary) and one side of the porous barrier 
boundary (degenerate boundary) whereas hypersingular integral equa-
tion at the opposite side of the porous barrier boundary (degenerate 
boundary). The numerical scheme is validated by the available study of 
Lee (1971) and Shao et al. (2017) for the rectangular harbor in the 
absence of a breakwater and Yu and Chwang, 1994 for the semi-circular 
including porous breakwater. Moreover, the influence of variable wave 
absorbing/partial reflection boundaries and different configurations of 
porous breakwaters at different locations inside the Visakhapatnam 
port, Andhra Pradesh, India, is investigated. Based on the simulation 
results, some tactics, such as adding porous breakwaters and wave ab-
sorbers at the entrance and the port boundary, are suggested to reduce 
the resonance inside the Visakhapatnam port. The current numerical 
model provides an efficient tool to understand the wave amplification on 
any other realistic port/harbor connected to the open sea for practical 
applications. 

2. Mathematical formulation 

2.1. Model geometry 

The mathematical model of propagation of waves in arbitrary port in 
the presence of wavy porous barriers is represented in Fig. 1, a Cartesian 
co-coordinate system (x, y, z) is used where the x-axis is directed along 
with the wave propagation, and the open-ocean is directed along the y- 
axis direction, and the variable ocean depth is along the z-axis. The fluid 
domain is divided into two regions, i.e., Region-I (open ocean region) 
(Ω1) and Region-II (multiconnected port region) (Ω2). The multi-
connected port region is connected with common boundary (Γc) and is 
surrounded by the partially reflecting/absorbing boundary (Γh) of the 
port and connected with the open ocean region through a pseudo 
boundary (Γps). The porous breakwaters are placed inside the port 
domain, termed as a degenerate boundary, as it can be placed at an 
arbitrary position in the port domain where ΓD+

and ΓD−
denotes the two 

sides of the degenerate boundary. The barriers are utilized to mitigate 
the wave-induced forces and incident wave energy dissipations inside 
the port region. 

The fluid domain is assumed to be inviscid and incompressible, and 
the flow in the domain is considered to be irrotational; thus, from the 
potential flow theory, the velocity potential function will satisfy the 
Laplace equation, i.e., 

∇2φ= 0 (1) 

The velocity potential function depends on the horizontal space 
vector (x, y), vertical space vector (z), and simple harmonic in time t, 
defined as 

φ(x, y, z)= −
igAm

ω φ(x, y)h(z)e− iωt (2)  

where the depth function h(z) = cosh(k(h+z))
cosh(kh) , Am represents the amplitude 

of the incident wave, i is the imaginary number 
̅̅̅̅̅̅̅
− 1

√
, g denotes the 

acceleration due to gravity, ω represents the angular frequency, and k 
represents the wave number satisfying the dispersion relation, i.e., ω2 =

kg tanh(kh). 
On substituting Eq. (2) in Eq. (1), the wave function (φ) satisfying the 

Helmholtz equation 
(
∇2 + k2)φ= 0 (3)    

(i) The boundary conditions defined on the free surface 
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∂φj

∂n
−

ω2φj

g
= 0, j = 1, 2 (4)    

(ii) The fluid does not penetrate on the sea bed and the boundary 
condition defined at sea bed as 

∂φj

∂n
= 0, j = 1, 2 (5)  

the subscript j = 1 denotes the open ocean region (Region-I), and j = 2 
represents the port region which includes the Region-II-A and Region-II- 
B. 

2.2. Solution of helmholtz equation (Region-I) 

The solution of the wave potential function in Region-I comprises an 
incident, reflected, and scattered wave is given as 

φ1(x, y)=φi(x, y)+φr(x, y) + φsct(x, y) (6) 

Somerfield radiation boundary condition 

limr→∞φsct = 0, r =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 + y2

√
(7)  

where φsct is the scattering wave function. 
The solution of the scattered wave function φsct for Region-I follows 

Green’s identity theorem 

φsct

(

x→f

)

= −
i
2

∫

Γ

[

φsct
∂
∂n
(
H1

0(kr)
)
− H1

0(kr)
∂
∂n

(φsct)

]

dΓ
(

x→s

)

(8)  

where x→f ≡ (xf , yf ) and x→s ≡ (xs, ys) and H1
0(kr) is the zeroth order 

Hankel function of the first kind. It represents the Green’s function with 
first and second order derivatives are continuous within the domain and 
on the boundary of the domain. Where r is the distance between the 
source point ( x→s) and field point ( x→f ). The Green’s function 
(H1

0(kr) = J0(kr) +iY0(kr)) and its normal derivative possesses the sin-
gularity as kr approaches to zero and hence require special treatment 
(Annexure-I). 

2.3. Solution of helmholtz equation (Region-II) 

The solution of the wave function in the port region requires the 
discretization of the boundary of the multiconnected port region that 
contains the port boundary (Γh = Γ2A ∪Γ2B) connected with the common 
boundary (ΓC), pseudo boundary (Γps), and the degenerate porous bar-
riers boundary (ΓD+

∪ΓD−
). The free surface and sea bed boundary con-

dition is defined in Eq. (4) and Eq. (5), and the remaining prescribed 
boundary conditions are defined as  

(a) Partiaslly reflecting/absorbing boundary on the port wall (Γh =

Γ2A ∪Γ2B). 

The boundary of the port with either fully reflecting or fully 
absorbing is inappropriate for applying real topographies. As some part 
absorbs at the port boundary and some parts are reflected in the ocean, 
the partially reflecting boundary condition (Isaacson and Qu, 1990) is 
suitable for analyzing the wave oscillation on the actual topography as 

∂φ2

∂n
= − tckφ2 on Γh, (9)  

where tc is the complex transmission coefficient defined in the interval 
[0, 1], and it is given in terms of reflection coefficient Rcoeff : 

Re(tc)= 0 and Im(tc)=
1 − Rcoeff

1 + Rcoeff
, (10)  

when Rcoeff = 1 for the fully reflective boundary conditions result in no 
flux condition on the boundary, and Rcoeff = 0 for the full wave ab-
sorption on the boundary of the port.  

(b) Continuity boundary condition at the common boundary (Γc)s 

The bathymetry of the port domain cannot be unanimous. To include 
the variable bathymetry, the port domain is divided into sub-regions, 
Region-II-A and Region-II-B, considering the average water depth in 
each sub-region, assuming that the water depth near the open sea region 
is greater than the depth away from the open sea region h1 ≥ h2 (see 
Fig. 2). The continuity condition at the boundary PQ for the mass and the 
energy fluxes whereas no flux boundary condition is satisfied at the solid 
wall QR is given as 

∂φ2A

∂n
= −

∂φ2B

∂n
,φ2A = φ2B 0 ≤ z ≤ − h2

∂φ2A

∂n
= 0 h2 ≤ z ≤ − h1

(11) 

Now multiplying the cosh k(h1 +z) on the left-hand side and 

Fig. 1. (a) The geometry of the model defining the open ocean region (Region- 
I) and port region (Region-II) connected with pseudo boundary (Γps) and sur-
rounded with the partially reflecting multiconnected port (Γh = Γ2A ∪Γ2B) with 
common boundary (ΓC) including the wavy barriers (ΓD+

∪ΓD−
). (b) The anal-

ysis of waves through a wavy porous barrier. 
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cosh k(h2 +z) on the right-hand side of the normal derivative of the wave 
function and integrating to consider the depth in each region, the 
matching boundary condition at the common boundary is obtained as 

∂φ2A

∂n
= −

h2

h1
⋅
∂φ2B

∂n
,φ2A = φ2B (12)    

(c) Boundary condition on the porous breakwater 

The porous breakwaters are developed to minimize the impact of 
high amplitude incident waves inside the coastal region such that it is 
cost-effective, reliable, and easy to install. The porous breakwater is 
placed at an appropriate location inside the port region to reduce the 
wave forces inside the port. The porous breakwater is treated as a 
degenerate boundary, and the continuity condition is imposed on the 
both sides of the breakwater is given as follows 

∂φD+

∂n
= −

∂φD−

∂n
, (13)  

where φD+
and φD−

denotes the potential function at the two sides of the 
degenerate breakwater ΓD+

and ΓD−
respectively (see Fig. 1a). The fluid 

velocity is assumed to be continuous at the porous breakwaters, and the 
negative sign in Eq. (13) is due to the outward normal vector in the 
opposite direction. ( n→). 

The semi-empirical discharge equation having quadratic pressure 
drop follows the flow past over the porous structure and is derived by 
Molin and Remy (2015). The pressure drops over the porous breakwater 
are proportional to the sum of the square of the normal velocity of the 
fluid (quadratic drag term), and the inertia term, which is given as 

φD−
− φD+

=
8i

3πω
1 − μ
2αμ2

⃒
⃒
⃒
⃒
∂φD−

∂n

⃒
⃒
⃒
⃒

∂φD−

∂n
+ 2CB

∂φD−

∂n
, (14)  

where μ, CB and α represents the porosity of the barriers, inertial coef-
ficient, and discharge coefficient, respectively. The first two terms of the 
right-hand side of Eq. (14) represent the energy dissipation effect, and 
the inertial effect of the perforated wall, respectively. According to Suh 
et al. (2011) and Huang et al. (2011), the inertia coefficient is defined as 
CB = δ/2 μ and δ is the thickness of the wall.  

(d) Matching boundary conditions at the pseudo boundary (Γps) is 
given as 

φ1 =φ2A,
∂φ1

∂n
= −

∂φ2A

∂n
, (15) 

The port region is surrounded by pseudo boundary, partially 
reflecting boundaries including the degenerate breakwaters. Thus, the 
solution follows Green’s identity theorem as 

φ2

(

x→f

)

= a
∫

Γ

[

φ2
∂H1

0(kr)
∂n

− H1
0(kr)

∂φ2

∂n

]

dΓ
(

x→s

)

,Γ=Γps ∪Γh ∪ΓD+

∪ ΓD−
,

(16)  

where x→f ≡ (xf ,yf ) and x→s ≡ (xs,ys), the parameter a is defined as 

a=

⎧
⎨

⎩

− i/4 at any interior points,
− i/2 at bondary points,
0 at any outer points

(17)  

and H1
0(kr) is the Hankel function of first kind zero-order, wherer is 

defined as 

r=
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
xf − xs

)2
+
(
yf − ys

)2
√

. (18) 

The poroubreakwater has finite thickness not larger than a fraction 
of the wavelength of the incoming wave. Eq. (16) is not sufficient to 
obtain a unique solution in the case of a zero-thickness of the degenerate 
porous breakwater. Thus, the system of singular and hyper-singular 
boundary integral equations is obtained across the boundaries of thin 
(zero-thickness) porous breakwater by considering the boundary points 
on the two sides of the degenerate porous boundary. The singular 
boundary integral equation is given as 

φ2

(

x→f

)

= a
∫

Γ

[

φ2
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2

∂ns

]

dΓ
(

x→s

)

(19) 

The hyper-singular boundary integral equation is given as 

∂φ2

(

x→f

)

∂nf
= a
∫

Γ

[

φ2
∂2H1

0(kr)
∂nf ∂ns

−
∂H1

0(kr)
∂nf

∂φ2

∂ns

]

dΓ
(

x→s

)

(20) 

The boundary of the port domain is divided into multiconnected 
domains, namely, Region-II-A and Region-II-B. The porous breakwater is 
treated as a degenerate boundary that can be placed in any region at any 
position. The porous breakwater is placed in Region-II-A, then the so-
lution for the wave function in Region-II-A follows the singular and 
hyper-singular boundary integral equation. The problem including a 
non-degenerate (ΓND = Γps ∪Γ2A ∪Γc), and the degenerate boundary 
(ΓD+

∪ΓD−
), ΓD+

is opposite to that of ΓD−
, Eqs. (19) and (20), is refor-

mulated respectively when the field point ( x→f ) belongs to the non- 
degenerate boundary (ΓND = Γps ∪Γ2A ∪ΓC) as 

φ2A

(

x→f

)

=−
i
2

∫

ΓND

⎡

⎢
⎢
⎣φ2A

(

x→s

)
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2A

(

x→s

)

∂ns

⎤

⎥
⎥
⎦dΓ

(

x→s

)

−
i
2

∫

ΓD+

⎡

⎢
⎢
⎣φ2A

(

x→ΓDS

)
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2A

(

x→ΓDA

)

∂ns

⎤

⎥
⎥
⎦dΓ

(

x→s

)

(21)  

∂φ2A

(

x→f

)

∂nf
=−

i
2

∫

ΓND

⎡

⎢
⎢
⎣φ2A

(

x→s

)
∂2H1

0(kr)
∂nf ∂ns

−
∂H1

0(kr)
∂nf

∂φ2A

(

x→s

)

∂ns

⎤

⎥
⎥
⎦dΓ

(

x→s

)

−
i
2

∫

ΓD+

⎡

⎢
⎢
⎣φ2A

(

x→ΓDS

)
∂2H1

0(kr)
∂nf ∂ns

−
∂H1

0(kr)
∂nf

∂φ2A

(

x→ΓDA

)

∂ns

⎤

⎥
⎥
⎦dΓ

(

x→s

)

(22)  

where, φ2A( x→ΓDS ) = φ2A( x→ΓD+
) − φ2A( x→ΓD− ) and ∂φ2A( x→ΓDA )

∂ns
=

Fig. 2. Distribution of approximate variable bathymetry in the harbour’s 
interconnected regions Region-II-A and Region-II-B with water depths h1 
and h2. 
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∂φ2A( x→ΓD+
)

∂ns
+

∂φ2A( x→ΓD−
)

∂ns
, 

when the field point ( x→f ) belong to the degenerate boundary (ΓD+
), 

Eq. (19) and Eq. (20) is formulated as 

φ2A

(

x→ΓDA

)

=−
i
2

∫

ΓND

⎡

⎢
⎢
⎣φ2A

(

x→s

)
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2A

(

x→s

)

∂ns

⎤

⎥
⎥
⎦dΓ

(

x→s

)

−
i
2

∫

ΓD+

⎡

⎢
⎢
⎣φ2A

(

x→ΓDS

)
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2A

(

x→ΓDA

)

∂ns

⎤

⎥
⎥
⎦dΓ

(

x→s

)

(23)  

∂φ2A

(

x→ΓDS

)

∂nf
=−

i
2

∫

ΓND

⎡

⎢
⎢
⎣φ2A

(

x→s

)
∂2H1

0(kr)
∂nf ∂ns

−
∂H1

0(kr)
∂nf

∂φ2A

(

x→s

)

∂ns

⎤

⎥
⎥
⎦dΓ

(

x→s

)

−
i
2

∫

ΓD+

⎡

⎢
⎢
⎣φ2A

(

x→ΓDS

)
∂2H1

0(kr)
∂nf ∂ns

−
∂H1

0(kr)
∂nf

∂φ2A

(

x→ΓDA

)

∂ns

⎤

⎥
⎥
⎦

dΓ
(

x→s

)

(24)  

where, φ2A( x→ΓDA ) = φ2A( x→ΓD+
) + φ2A( x→ΓD− ) and ∂φ2A( x→ΓDS )

∂ns
=

∂φ2A( x→ΓD+
)

∂ns
−

∂φ2A( x→ΓD−
)

∂ns
. 

where Γps represents the pseudo boundary, Γ2A represents the harbor 
boundary of the Region-II-A, and Γc represents the common boundary of 
Region-II-A and Region-II-B, while the two sides of degenerate porous 
boundary are denoted with ΓD+

∪ ΓD−
. 

The solution for the wave function in Region-II-B follows 

φ2B

(

x→f

)

= a
∫

Γ

[

φ2B
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2B

∂ns

]

dΓ
(

x→s

)

,Γ=Γ2B ∪ ΓC (25)  

2.4. Spectral discretization 

The spectral discretization is used to compute the ideal solution for 
collocation points, and the process involves the estimation of function by 
the Chebyshev polynomial (Tn(c) = cos(n cos− 1 c)) as an interpolating 
polynomial over an interval [− 1, 1]. The boundary of the domain is 
divided into a finite number of segments, and each segment is further 
subdivided into a semi-circle of the unit radius using Chebyshev dis-
cretization; the discretized points are the zeros of the Chebyshev poly-
nomial lie in the range [− 1, 1] and are defined by 

cj = cos
(

jπ
Ni

)

, j= 0, 1, 2, ......,Ni (26)  

where Ni denotes the total number of discretized points on the ith 

boundary. The corresponding jth point of the ith segment is given as 

x→j = x→Ni− 1 +
1
2
(
cj + 1

)
(

x→Ni − x→Ni− 1

)

y→j = y→Ni− 1
+

1
2
(
cj + 1

)
(

y→Ni
− y→Ni− 1

) (27) 

Finally, the wave function for each region may be computed by 
discretizing each segment using spectral discretization and changing the 
appropriate boundary integral using Jacobian transformation, thus, Eq. 
(8), Eq. (21), Eq. (22), Eq. (23), Eq. (24), and Eq. (25) are written as 

φsct( x→)=

−
i
2
∑N

l=1

∫1

− 1

[

φsct

(

x→0

)
∂

∂n
(
H1

0(kr)
)
− H1

0(kr)
∂
∂n

(

φsct

(

x→0

))]

Jldc (28)  

φ2A

(

x→f

)

= −
i
2
∑ND

l=1

∫1

− 1

⎡

⎢
⎢
⎣φ2A

(

x→s

)
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2A

(

x→s

)

∂ns

⎤

⎥
⎥
⎦Jldc

−
i
2
∑D+

l=1

∫1

− 1

⎡

⎢
⎢
⎣φ2A

(

x→ΓDS

)
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2A

(

x→ΓDA

)

∂ns

⎤

⎥
⎥
⎦Jldc

(29)  

∂φ2A

(

x→f

)

∂nf
=−

i
2
∑ND

l=1

∫1

− 1

⎡

⎢
⎢
⎣φ2A

(

x→s

)
∂2H1

0(kr)
∂nf ∂ns

−
∂H1

0(kr)
∂nf

∂φ2A

(

x→s

)

∂ns

⎤

⎥
⎥
⎦Jldc

−
i
2
∑D+

l=1

∫1

− 1

⎡

⎢
⎢
⎣φ2A

(

x→ΓDS

)
∂2H1

0(kr)
∂nf ∂ns

−
∂H1

0(kr)
∂nf

∂φ2A

(

x→ΓDA

)

∂ns

⎤

⎥
⎥
⎦Jldc

(30)  

φ2A

(

x→ΓDA

)

=−
i
2
∑ND

l=1

∫1

− 1

⎡

⎢
⎢
⎣φ2A

(

x→s

)
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2A

(

x→s

)

∂ns

⎤

⎥
⎥
⎦Jldc

−
i
2
∑D+

l=1

∫1

− 1

⎡

⎢
⎢
⎣φ2A

(

x→ΓDS

)
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2A

(

x→ΓDA

)

∂ns

⎤

⎥
⎥
⎦Jldc

(31)  

∂φ2A

(

x→ΓDS

)

∂nf
=−

i
2
∑ND

l=1

∫1

− 1

⎡

⎢
⎢
⎣φ2A

(

x→s

)
∂2H1

0(kr)
∂nf ∂ns

−
∂H1

0(kr)
∂nf

∂φ2A

(

x→s

)

∂ns

⎤

⎥
⎥
⎦Jldc

−
i
2
∑D+

l=1

∫1

− 1

⎡

⎢
⎢
⎣φ2A

(

x→ΓDS

)
∂2H1

0(kr)
∂nf ∂ns

−
∂H1

0(kr)
∂nf

∂φ2A

(

x→ΓDA

)

∂ns

⎤

⎥
⎥
⎦Jldc

(32)  

φ2B

(

x→f

)

= −
i
2
∑NB+NC

l=1

∫1

− 1

[

φ2B
∂H1

0(kr)
∂ns

− H1
0(kr)

∂φ2B

∂ns

]

Jldc (33)  

where, Jl represents the Jacobian transformation for the lth boundary 
segment of each region and is calculated as follows: 

Jl =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(xl − xl− 1)
2
+ (yl − yl− 1)

2
√

2
, (34) 

On combining Eq. (6) and Eq. (28) and utilizing the matching 
boundary condition at the pseudo boundary from Eq. (15) and the 
pseudo boundary is discretized using Spectral discretization, the matrix 
form is obtained as 

[φ2A]Γps
= [M1]

[
(φ2A)n

]

Γps
+ [V0]Γps

(35)  

where, 

[M1] = − [Hs]
− 1
[H] (36)  
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[V0] = [φIR] + [M1]
[
(φIR)n

]

Γps
(37)  

where, φIR = φi + φr and [H] =

(

− i
2
∫

Γ
H1

0(kr)dΓ
)

ij
, [Hs] =

(

− i
2
∫

Γ

∂H1
0(kr)
∂ns

dΓ
)

ij
− δij.. 

The boundary of Region-II-A is discretized into NA constant grid 
points utilizing Spectral discretization in a counter-clockwise sense. Eq. 
(29) to Eq. (32) is rewritten in a matrix form as follows, 

[H]
[
(φ2A)n

]
= [Hs][φ2A] (38)  

[
Hf
][
(φ2A)n

]
=
[
Hsf
]
[φ2A] (39)  

and the boundary of Region-II-B is discretized into NB constant grid 
points, and Eq. (33) is written in matrix 

[H]
[
(φ2B)n

]
= [Hs][φ2B] (40)  

where, [Hf ] =

(

− i
2
∫

Γ

∂H1
0(kr)
∂nf

dΓ
)

ij
+ δij and [Hsf ] =

(

− i
2
∫

Γ

∂2H1
0(kr)

∂nf ∂ns
dΓ
)

ij
. 

On substituting the boundary condition of the partially reflecting 
boundary of the Region-II-B, Eq. (33) is expressed as 

[φ2B] = [M2]
[
(φ2B)n

]
(41)  

where, [M2] = [[Hs] − [H][U0]]− 1
[H] and [U0] =

⎡

⎢
⎢
⎣

0 0 0 0
0 iktc [I2B] 0 0
0 0 0 0
0 0 0 0

⎤

⎥
⎥
⎦. 

On utilizing the matching boundary condition at the common 
boundary (Γc) of Region-II-A and Region-II-B and 

[φ2A] = [M3]
[
(φ2A)n

]
(42)  

where, [M3] = [M21]ij; i = NC,NC − 1,⋯⋯2,1 and j = 1,2,⋯⋯NC − 1,
NC, 

[M21] = [M2][U1] and [U1] =
h2

h1

⎡

⎢
⎢
⎣

⎡

⎢
⎢
⎣

0⋯⋯ − 1

⋯⋯⋯⋯

− 1⋯⋯0

⎤

⎥
⎥
⎦

NC×NC

0

⎤

⎥
⎥
⎦.

Now, on combining Eq. (38) and Eq. (39) and employing the method 
of (Chen et al., 2002, 2004) 

⎡

⎢
⎣

HΓRΓR HΓRΓ21 HΓRΓ22

HΓ21ΓR HΓ21Γ21 HΓ21Γ22

Hf Γ21ΓR
Hf Γ21Γ21

Hf Γ21Γ22

⎤

⎥
⎦

⎡

⎢
⎣

[
(φ2A)n

]

ΓR[
(φ2A)n

]

ΓD+
[
(φ2A)n

]

ΓD−

⎤

⎥
⎦

=

⎡

⎢
⎣

HsΓRΓR HsΓRΓ21 HsΓRΓ22

HsΓ21ΓR HsΓ21Γ21 HsΓ21Γ22

Hsf Γ21ΓR
Hsf Γ21Γ21

Hsf Γ21Γ22

⎤

⎥
⎦

⎡

⎢
⎣

(φ2A)ΓR

(φ2A)ΓD+

(φ2A)ΓD−

⎤

⎥
⎦

(43) 

Eq. (43) is rewritten as 
[
HHf

]
[φ2An

] =
[
HsHsf

]
[φ2A] (44)  

where ΓR represents the non-degenerate boundary i.e. ΓR = Γps∪ Γ2A∪

ΓC. 
The matrix obtained includes the integration of the Hankel function, 

and its first order and second-order derivative singularity arise for the 
diagonal terms requires special attention (Annexure-I). On substituting 
the prescribed boundary condition and the obtained boundary condition 
at pseudo boundary and common boundary from Eq. (35) and Eq. (42) in 
Eq. (44), we get 

[Q][X] = [V] (45)  

where, 

[X] =
[
(φn)Γps

,φΓ2A1
, (φn)ΓC

,φΓ2A2
,φΓD+

, (φn)ΓD+

]T
and [V]

=
[
HsHsf

][
(V0)Γps

0 0 000
]T (46)  

and the matrix Q is 

[Q] =
[
HHf

]
[U2] +

[
HHf

]
[U3] −

[
HsHsf

]
[U4] −

[
HsHsf

]
[U5] (47)  

where, 

[U2] =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[
Ips
]

0 0 0 0 0

0 iktc [I2A1 ] 0 0 0 0

0 0 [INC] 0 0 0

0 0 0 iktc [I2A2 ] 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, [U3] =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 [IB]

0 0 0 0 0 − [IB]

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

[U4] =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

[M1] 0 0 0 0 0

0 [I2A1 ] 0 0 0 0

0 0 [M3] 0 0 0

0 0 0 [I2A2 ] 0 0

0 0 0 0 [IB] 0

0 0 0 0 [IB] 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, [U5] =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

000 0 0 0

000 0 0 0

000 0 0 0

000 0 0 0

000 0 0 0

000 0 0 [diag(P)]

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(48)  

where, P = 8i
3πω

1− μ
2αμ2

⃒
⃒∂φ21

∂n

⃒
⃒+ 2CB. 

The boundary condition on the porous barriers is nonlinear (i.e., 
quadratic); obtaining a numerical solution is not straightforward. 
Therefore, an iterative procedure is adopted given in Liu and Li (2017). 
The potential function is calculated in/out of the port domain, and the 
present formulation can be modified for arbitrary number of inter-
connected domains. Thus, the wave amplification factor (Af ) is deter-
mined in the bounded region as 

Af =
|φi(x, y)|
|φIR|

, i= 1, 2 (49) 

The numerical solution is presented for two interconnected regions 
(Eq. (49)) and similarly, amplification can also be obtained for the three 
interconnected regions including the porous barriers. The porous barrier 
is placed in any region as a degenerate boundary and the dual interal, i. 
e., singular and hypersingular integral equations (Eq. (19) and Eq. (20)). 
is solved in that region. In remaining regions, the singular integral 
equation (Eq. (19)) is sufficient to obtain the wave function utilizing the 
prescribed boundary conditions. Once the wave function and its normal 
derivative are calculated at the boundary of all interconnected regions, 
the wave function is obtained inside the port at any location and thus 
wave amplification is calculated from Eq. (49). Eq. (49) is also applied 
on rectangular port and Visakhapatnam port. 

3. Validation and convergence 

3.1. Numerical validation 

The numerical method is discussed above is implemented on a 
rectangular port of length 1.208 m, breadth 0.198 m, and the radius of 
the pseudo boundary is 0.2 m with the normal incident wave is inter-
acting to the boundary of the port considering the porous barrier of 
different shapes (Fig. 3) and fully reflecting port (Rcoeff = 1) to obtain the 
accuracy of the present scheme. There are four types of a porous barrier 
placed at the entrance (a) horizontal barrier, (b) wavy barrier, (c) 
inverted V-shaped barrier, and (d) inverted L-shaped porous barriers. 
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The boundary of the rectangular port, including the porous barriers, is 
discretized utilizing the spectral discretization, and the total number of 
grid points is 347 at the non-degenerate boundary, i.e., wall of the port 
and pseudo boundary, the port wall is denoted with blue grid points 
(Fig. 3) including pseudo boundary denoted with green dots while the 
number of elements at the horizontal barrier, wavy barrier, inverted V- 
shaped barriers, and inverted L-shaped barriers is 40, 50, 40 and 58 
respectively represented with red grid points in Fig. 3. 

The simulation results are obtained for the rectangular port in the 
absence of a porous barrier and compared with the available experi-

mental data of (Ippen and Goda, 1963; Lee, 1971) in the wave ampli-
fication graph corresponding to non-dimensional wave number (ka) 
with a = 1.44. The two different resonance modes are obtained from the 
present studies (Fig. 4) in the absence of a porous barrier approximately 
similar to the previous studies. The porous barrier of different configu-
rations is considered with porosity μ = 0.5, discharge coefficient α =
0.7, and thickness δ = 1 cm to analyze the dissipation efficiency. The 
wave amplification inside the port with porous barrier at degenerate 
boundary is reduced as compared to without barriers. Actually, the 

Fig. 3. The domain discretization of the rectangular harbor includes the degenerate barrier (a) Horizontal barrier, (b) Wavy barrier, (c) Inverted V-shaped barrier, 
and (d) Inverted L-shaped porous barriers at the two sides of the entrance. 

Fig. 4. The amplification factor of the present numerical scheme is compared 
with the experimental outcomes of Ippen and Goda (1963) and Lee (1971) at 
the back wall of the rectangular port. 

Fig. 5. Comparison of amplification factor of the present numerical scheme for 
the nonlinear (quadratic) pressure drop and linear pressure drop having a fully 
reflective port and normal incident wave with the analytical solution of Yu and 
Chwang (1994). 
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primary function of the porous barrier reduces the wave energy trans-
mission through it, which results in creating the calmer area. Thus, the 
current numerical model can be employed to include the influence of the 
porous barrier of any configuration at an arbitrary position inside the 
port. 

Additionally, the validation of the current numerical model is con-
ducted with the semi-circular port, including a pair of porous barriers at 
the pseudo boundary with linear and nonlinear pressure drop is carried 
out by comparing the amplification factor at the center of the back wall 
P (0,0) of the semi-circular harbor of radius r = 0.5 m with the analytical 
approximation of Yu and Chwang (1994). The comparisons of the cur-
rent numerical scheme with the analytical approximation is presented in 
Fig. 5. In this analysis, a normal incident waves at the entrance with a 
complex porous effect G = 0.001i for the linear pressure drop and the 
discharge coefficient (α= 0.4) for the nonlinear pressure drop are 
considered. On comparing, the linear pressure drop with the nonlinear 
pressure drop, there is a slight increase in the wave amplification factor 
as the nonlinear pressure drop includes the wave height effect in the 

energy dissipations. 
Moreover, to demonstrate the validity of the present numerical 

scheme over varying bathymetric, the current numerical is compared 
with the previous analytical result of Shao et al., (2017). To include the 
variable bottom profile, the rectangular port of length 20 m and breadth 
2 m is divided into three regions having depth h1 = 0.3, h2 = 0.2, and h3 
= 0.1 in the Region-II-A, Region-II-B, and Region-II-C, respectively. The 
amplification curve as a function of frequency response obtained at the 
back wall of the rectangular port is shown in Fig. 6 with variable depth. 
The three different resonant modes are estimated, which are approxi-
mately the same as in the previous study. There is a slight variation in 
resonant peak observed from the analytical study, as the slope (s1 =

0 and s2 = 1/50) are taken in the case of Shao et al. (2017) as compared 
to our scheme. 

3.2. Convergence analysis 

The convergence analysis determines the accuracy of the scheme and 
the pace at which errors tend to zero by increasing the number of 
boundary grid points and is described by the order of convergence. The 
least-square method (LSM) is used to obtain the order of convergence, 
and iterative approach are utilize to determine the error norm as grid 
discretization increases. The harbor’s boundary is discretized into M1, 
M2, M3, M4, M5 and M6 number of grid points and the error norm is 
defined as follows: 

EMi =‖φMi
( x→) − φM∞

( x→)‖2 =
c

Mθ
i

(50)  

where Mi represents the number of grid points for the ith iterations, and 
M∞ represents the total number of grid points in maximum number of 
iterations to determine the order of convergence. In this study, the five 
iterations are considered, i.e. M∞ ≈ M6, θ represents the order of 
convergence, and c is the constant to be determined by substituting i =

1,2, 3, 4, 5 in Eq. (50). 
The boundary of the rectangular port, including a degenerate hori-

zontal porous barrier along the side of the entrance (Fig. 3a) is dis-
cretized by using regular discretization and spectral discretization into 
M1 = 60, M2 = 120, M3 = 240, M4 = 480, M5 = 960 and M6 = 1920 
number of boundary grids. The convergence analysis for the rectangular 
port including horizontal porous barrier is shown in Fig. 7, and the 
convergence order for the spectral discretization and regular dis-
cretization is approximated as 1.74 and 1.5, respectively. The numerical 

Fig. 6. Comparison of amplification factor of the present numerical scheme 
including variable depth inside the rectangular port with the analytical solution 
of Shao et al. (2017) is given for normal incident wave angle at the entrance. 

Fig. 7. The logarithmic error norm in (a) and the error norm in (b) with the convergence order is 1.509 and 1.7412 approximated by the use of LSM and iterative 
method for the Dual BEM with regular discretization and spectral discretization, respectively. 
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scheme is stable as approximately converges to the real solution as the 
grid points increase. As given in Fig. 7, both regular and spectal dis-
cretization methods are consistence but the present numerical scheme 
with spectral point discretization provides higher convergence order. 

4. Numerical simulations 

4.1. Influence of porous barriers and partial reflection 

The present numerical model is implemented on the simple shaped 

rectangular port including porous barriers and the singular and hyper 
singular integral equation is solved in the port region. The simulation 
result is obtained at the back wall of the rectangular port, including the 
influence of various configurations of the porous barrier. The spectral 
discretization is utilized to discretise the boundary of the confined 
domain is presented in Fig. 8. The boundary of the domain contains the 
non-degenerate boundary. Port’s wall and pseudo boundary denoted 
with blue and green grid points, respectively, while the porous barrier/ 
breakwaters of different configuration (horizontal, wavy, invert V-shape 
and L-shape) is treated as degenerate boundary placed at the center of 
the entrance, and it is denoted with red grid points. The boundary of the 
horizontal, wavy, inverted V-shaped, and inverted L-shaped porous 
barrier is discretized into 20, 25, 40, and 50 number grid points, 
respectively. The total 347 grid points are taken at the non-degenerate 
boundary of the rectangular port. 

The amplification factoris plotted with respect to the non- 
dimensional wavenumber (ka) as the normal incident wave interacts 
with the rectangular port Rcoeff = 1 having a length 1.208 m, width 
0.198 m, and constant depth h = 0.864 (Fig. 9) at the back wall of the 
rectangular port. The porous barrier with different configurations as the 
horizontal, wavy, inverted V-shaped, and inverted L-shapedare con-
structed. In the present model, the influence of these porous barriers in 
terms of wave amplification is analyzed at the port’s back wall with 
porosity μ = 0.5, discharge coefficient α = 0.7, and thickness δ = 1 cm. 
It is observed that there are some variations in resonant peaks for the 
various configuration of porous barriers. The inverted L-shaped porous 
barrier contains a combination of vertical and horizontal barriers, 
illustrating a better hydrodynamic performance in mitigating the wave 
energy and thus reducing the wave amplification significantly as 
compared to all other porous barriers. Based on the simulation results, 
the inclusion of a porous barrier at right location proves an efficient tool 
in dissipating wave energy inside the port. The barrier configuration is 
also play an important role in analyzing the port’sresonance. 

The numerical scheme is applied to the rectangular port to investi-
gate the partially reflecting boundary of the port in the absence of 
porous barrier. The rectangular port is divided into two regions, Region- 

Fig. 8. The domain discretization of the rectangular port includes the degenerate barrier (a) Horizontal barrier, (b) Wavy barrier, (c) Inverted V-shaped barrier, and 
(d) Inverted L-shaped porous barriers at the center near the entrance. 

Fig. 9. The amplification factor of the present numerical scheme at the back 
wall of the rectangular port includes (a) Horizontal Barrier, (b) Wavy Barrier, 
(c) Inverted V-shaped barrier, and (d) Inverted L-shaped barrier at the center of 
the entrance. 
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II-A and Region-II-B, having constant depth denoted with black and blue 
dots connected with a common boundary, which is denoted with red 
grid points, and the pseudo boundary is denoted by green grid points 
(see Fig. 10a). The boundary of the confined domain is discretized uti-
lizing the spectral discretization into 194, 164, 74, and 27 grid points, 
respectively, for the boundary of Region-II-A, Region-II-B, pseudo 
boundary, and common boundary. The simulation result is obtained at 
the back wall of the rectangular port marked with wine color stars in 
Fig. 10a and wave response graph is presented in Fig. 10b. In Fig. 10b, 
the black curve represents the fully reflecting (Rcoeff = 1) boundary of 
the port whereas the red curve represents the partially reflecting 
(Rcoeff = 0.95) boundary of each region of the port. The blue curve 
represents the partially reflecting (Rcoeff = 0.95) boundary of Region-II- 
A and the fully reflecting (Rcoeff = 1) boundary of Region-II-B, whereas 
pink curve represents the partially reflecting (Rcoeff = 0.95) boundary of 

Region-II-B and the fully reflecting (Rcoeff = 1) boundary of Region-II-A. 
It is observed from Fig. 10b, that the wave amplification for the various 
combinations of the boundary of the port reduces significantly with the 
consideration of the partially reflecting boundary of the port. 

4.2. Visakhapatnam Port 

Visakhapatnam Port, India, experiences 2.0–6.0 m during its extreme 
weather conditions and is situated on the East Coast in-between Kolkata 
in North and Chennai in South and its location in terms of latitude is 
17.6856◦ N and longitude is 83.2160◦ E. The aerial view of Visakha-
patnam Port is taken from Google earth pro and is shown in Fig. 11. 
Visakhapatnam Port is an ancient natural port that is covered with the 
Dolphin’s Nose hill, and its prime location contributes significantly the 
trade and has trade relations with other countries and also with inter- 

Fig. 10. The spectral discretization of the rectangular port Region-II-A and Region-II-B (a), and the amplification factor at the back wall of the rectangular port with 
fully and partially reflecting boundary of the port in the different basins. 

Fig. 11. Topographic image of Visakhapatnam port, Andhra Pradesh, India including pseudo-boundary denoted as yellow line and the common boundary inter-
connecting the Region-II-A with Region-II-B and Region-II-A with Region-II-C denoted with white dotted line. The four record stations from W1 to W4 marked with 
red star and the porous barrier denoted with red dotted line are considered at different locations. 
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state. Four record stations is marked with the red star (W1 to W4) to 
investigate the influence of porous barrier at the various location 
marked with red dotted line is shown in Fig. 11 and various configura-
tions of porous barriers in the Visakhapatnam port are considered in the 
study. The annual cargo handling capacity is 125 million tons per 
annum, and the available facility to accommodate the ships of length up 
to 300 m, 36.0 m Beam, and 14.50 m draft in the Visakhapatnam port, 
Andhra Pradesh, India. 

4.2.1. Implementation on visakhapatnam port 
The current numerical scheme provides a platform to include the 

porous barrier of different shape at arbitrary positions with an ease to 
investigate the wave amplification in the presence of a porous barrier 
inside the multiconnected Visakhapatnam port. The numerical scheme is 
implemented on the actual topography of the Visakhapatnam port, India 
to analyze the resonance phenomenon. The Visakhapatnam port is 
divided into three interconnected regions, namely Region-II-A, Region- 

II-B, and Region-II-C. The actual bathymetry of the Visakhapatnam port 
lies in between 15 m and 28 m. The depth along the open sea domain is 
estimated at 28 m, and on moving towards the port, the depth of the 
bathymetry of the domain reduces. The approximate depth along the 
pseudo boundary, Region-II-A, Region-II-B and Region-II-C is estimated 
as 22 m, 18 m16 m and 17 m, respectively. Thus the corresponding depth 
ratio is taken as h2/h1 = 0.723 and h3/h1 = 0.773, where h1 represents 
the approximate depth for the Region-I, h2 represents the depth for the 
Region-II-B, and h3 is depth for the Region-II-C. The four distinct record 
stations W1, W2, W3, and W4 is marked in Fig. 11 inside the port to 
investigate the wave amplification in the presence of porous barrier/ 
breakwaters. The thickness of the barrier is δ = 5 cm, discharge coeffi-
cient α = 0.70, and porosity is μ = 0.5 is fixed. 

4.2.2. Influence of connected porous barriers 
The wave response inside the Visakhapatnam port in the presence of 

a pair porous barriers of different shapes is analyzed. The spectral point 

Fig. 12. The domain discretization of Visakhapatnam port, Andhra Pradesh, India, includes the degenerate barrier (a) Horizontal barrier, (b) Wavy barrier, (c) 
Inverted V-shaped barrier, and (d) Inverted L-shaped porous barriers at the two sides of the entrance. 

Fig. 13. The amplification factor at W1 to W4 inside the Visakhapatnam port with fully reflection (Rcoeff = 1) including (a) Horizontal barrier, (b) Wavy barrier, (c) 
Inverted V-shaped barrier, and (d) Inverted L shaped porous barriers at the entrance is given for normal incident wave angle. 
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discretization is utilized to discretise the boundary of the port’s inter-
connected regions, into M1 = 10780, M2 = 3493 and M3 = 8140 
number of grid points in Region-II-A, Region-II-B, and Region-II-C. The 
boundary of Region-II-A, Region-II-B, and Region-II-C is denoted with 
black, pink, and blue dots, respectively and pseudo boundary with green 
dots, discretise into NP = 2501 number of grid points. The common 
boundary connecting Region-II-A with Region-II-B and Region- II-A with 
Region-II-C is discretise into p1 = 250 , p2 = 150, grid points denoted by 
yellow dots. The porous barrier is denoted with red dots and the 
boundary discretization of the horizontal barrier into Hb = 100 grid 
points, wavy barrier into Wb = 150 grid points, inverted V-shaped 
barrier into Vb = 100 grid points and inverted L - shaped barrier into Lb 
= 180 grid points. 

The amplification at different record stations in the absence of a 
porous barrier and including porous barrier of various shapes is given in 
Fig. 13. Here, the normal incident wave is propagating at entrance at an 
angle 90◦ with the fully reflecting boundary of the port (Rcoeff = 1). The 
six different resonance modes are obtained, i.e., k1 = 0.2448, k2 =

1.2384, k3 = 2.088, k4 = 2.6784, k5 = 5.6304 and k6 = 6.0048 for both 
the cases with and without porous barriers. The response curve reveals 
that the inclusion of porous barrier proves an efficient tool to reduce the 
wave amplification inside the realistic port. The amplification factor 
reduces significantly in the presence of porous barrier with different 
shapes. In addition, . The horizontal porous barrier and inverted V- 
shaped porous barriers shows higher amplification in comparison with 
other types of porous barriers while the inverted L-shaped porous barrier 
shows the least amplification. The surface area for the horizontal porous 
barrier and inverted V-shaped porous barriers are approximately same 
and having similiarinfluence over all the record stations (W1 to W4). The 
surface area of wavy barriers is greater than the horizontal and 
invertedV-shaped barriers and less than inverted L-shaped barrier. 

The more surface area of the porous barrier allows maximal inter-
action with the incident waves and thus diminishes the wave oscillation 
inside the port. 

4.2.3. Influence of degenerate porous barriers 
The boundary discretization of the three interconnected regions and 

the porous barriers are placed at the center of the entrance is presented 
in Fig. (14). The total number of boundary grid points of each subregion, 
common boundary, and the pseudo boundary is the same as discussed in 
Fig. (12). The boundary of the horizontal barrier is discretized utilizing 
spectral point discretization into Hb = 50 grid points, wavy barrier into 
Wb = 75 grid points, inverted V-shaped barrier into Vb = 50 grid points 
and inverted L - shaped barrier Lb = 90 grid points. The porous barriers 
with different shapes are denoted with red grid points in Fig. 14. 

The amplification factor is evaluated at locations W1 to W4 inside the 

Visakhapatnam port without and with porous barriers at the center of 
the entrance, as shown in Fig. 14. The incoming waves with normal 
incient wave angle at the entrance including the fully reflecting 
boundary of the port (Rcoeff = 1) is considered. The wave amplification 
corresponding to the normalized wave frequency (ka) is estimated in 
Fig. 15. It is observed that the same resonance modes are obtained with 
as the porous barrier and without porous barriers. The wave amplifi-
cation reduces effectively for the different shapes of porous barriers at 
the six resonance modes. It is seen from the wave amplification curve 
that variousshapes of porous barriers having different surface area 
placed at the center of the entrance does not show significant variations. 
Thus, the location of the porous barriers is also plays a significant role in 
developing the wave energy dissipator along the coastal region. 

4.2.4. Influence of degenerate porous barrier in the interior 
The computational domain is discretized into the finite number of 

boundary grid points utilizing spectral point discretization. The total 
number of boundary grid points at the pseudo boundary and the inter-
connected port regions, including its common boundary, is the same as 
in Fig. (12). In Fig. 16, the horizontal, wavy, inverted V-shaped, and 
inverted L-shaped porous barrier is discretized into 50, 75, 50, and 90 
grid points, respectively. The porous barriers of different shapes are 
placed in the center of the interior of the port to analyze its significance 
on the wave oscillation. 

The wave response ofdifferent types of porous barriers is investigated 
when the porous barrier is placed at the center of the interior of the 
Visakhapatnam port (see Fig. 17). The abscissa is taken as the normal-
ized wave number, and the ordinate is the absolute value of the ampli-
fication factor. The wave amplification reduces significantly with the 
different shapes of porous barriers in the interior of the port, and the six t 
resonant peaks are obtained in the absence of the porous barriers. The 
amplification factor have strong resonace without porous barriers inside 
the four key locations of Visakhapatnam port. There is a significant 
reduction in wave amplification while utilizing the inverted L-shaped 
porous barriers as compared to other types of barriers. The main reason 
for reduction is that the surface area for the inverted L-shaped porous 
barriers are greater than the other porous barriers therefore, more wave 
dissipation are occurred in inverted L-shaped barrier. 

4.2.5. Influence of partial reflection 
Variations of the amplification factor curve for the Visakhapatnam 

port with the partially reflecting interconnected boundary of the port at 
all the four-record stations W1 to W4 is presented in Fig. 18. The black 
curve represents the fully reflecting (Rcoeff = 1) boundary of the port, 
and the curve with the red line represents the partially reflecting 
(Rcoeff = 0.95) boundary of the port. The response curve plotted in blue, 

Fig. 14. The domain discretization of Visakhapatnam port, Andhra Pradesh, India, includes the four degenerate porous barriers (a) Horizontal barrier, (b) Wavy 
barrier, (c) Inverted V-shaped barrier, and (d) Inverted L-shaped porous barriers at the center of the entrance. 
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pink, and green lines denote the partially reflecting (Rcoeff = 0.95)
boundary of the Region-II-A, Region-II-B, and Region-II-C, respectively, 
while remaining boundary is treated as a fully reflecting (Rcoeff = 1). 

In real scenario, the boundary of the port can neither be fully 
reflective nor fully absorbing. Resonant peak reduces significantly for 
the partially reflecting boundary as compared with the fully reflecting 
boundary of the port. The behavior of the boundary of the port cannot be 
unanimous. Thus, simulation results are obtained to investigate the in-
fluence of partially reflecting boundaries of the different regions. The 
wave amplification of various combinations of partially reflecting 
boundaries of the port. 

It is observed that the resonant peaks reduce effectively with the 
addition of partially reflecting boundaries of the port of Region-II-A, 
Region-II-B, and Region-II-C. Overall, it is found that the partially 
reflecting port boundaries and different subregions port boundaries can 
significantly reduce the wave oscillations as compared to the fully 

reflecting port boundaries. 

4.2.6. Influence of porous barrier 
In this study, the contour plot displays the distribution of wave 

height corresponding to resonant mode inside the Visakhapatnam port 
when a normal incident wave enters the port through a pseudo boundary 
and strikes the fully reflecting boundary of the port. In this analysis, 
Visakhapatnam port without porous barrier and porous barrier with 
porosity μ = 0.5, discharge coefficient α = 0.7 and thickness δ = 5 cm is 
considered. The wave amplification contour plot for the first resonant 
mode (k1 = 0.2448) without porous barrier and with the different types 
of porous barriers as horizotal, wavy, interveted V and interted L-shaped 
are placed at the entrance is presented in Fig. 19a. The wave amplitude 
contour for the sixth resonance mode (k6 = 6.008) without porous 
barrier and with the different typesporous barriers as mentioned above 
are placed at the center of the interior of the port is given in Fig. 19b. The 

Fig. 15. The amplification factor at W1 to W4 inside the Visakhapatnam port with Rcoeff = 1 including (a) Horizontal barrier, (b) Wavy barrier, (c) Inverted V-shaped 
barrier, and (d) Inverted L shaped porous barriers at the center of entrance is given for normal incident wave angle. 

Fig. 16. The domain discretization of Visakhapatnam port, Andhra Pradesh, India, includes the degenerate barriers (a) Horizontal barrier, (b) Wavy barrier, (c) 
Inverted V-shaped barrier, and (d) Inverted L-shaped porous barriers at the interior of the port. 
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effect of various porous barrier is investigated to demonstrate the 
improved hydrodynamic performance of the barriers inside the port. 

The strong wave oscillation is observed in the Region-II-C near the 
third and fourth record stations, i.e., W3 and W4, in case of without 
porous barriers. The porous barrier at the two sides of the entrance re-
duces the wave amplification significantly in Region-II-C along with the 

W3 and W4. The influence of various types of porous barriers, the wave 
intensity for the inverted L-shaped porous barrier is less than the other 
barriers, while the horizontal and inverted V-shaped porous barrier 
shows similiarwave intensity but greater than the wave intensity for the 
wavy barrier. 

The surface wave elevation for the sixth resonance mode is presented 

Fig. 17. The amplification factor at W1 to W4 inside the Visakhapatnam port with Rcoeff = 1 including (a) Horizontal barrier, (b) Wavy barrier, (c) Inverted V-shaped 
barrier, and (d) Inverted L shaped porous barriers at the interior of the port is given for normal incident wave angle at the entrance. 

Fig. 18. The amplification factor at W1 to W4 inside the Visakhapatnam port with the partially reflecting port remaining other boundaries of the port are treated as 
the fully reflecting boundary (Rcoeff = 1) is given for normal incident wave angle at the entrance. 
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in Fig. 19b, the normal incident waves produced the high oscillation 
near the corner of the entrance. The contour plot with the inclusion of a 
porous barrier at the center of the interior of the port effectively reduces 
the wave elevation at the corner of the entrance including the entire 
port. The incident wave with normal incidence in the port produces high 
resonance while addition of porous barriers can significantly reduce the 
resonace in Visakhapatnam port. Therefore, adding a porous barrier/ 
breakwaters at different key location proves to be an efficient tool in 
protecting the coastal structures from the strong waves. 

5. Conclusions 

An efficient numerical scheme for the estimation of hydrodynamic 
performance by the porous barrier within the port is developed using 
DBEM in the arbitrarily shaped port. In addition, the variable bathym-
etry is also included in the present model with different shaped porous 
barriers. Firstly, the numerical model is utilized forvariety of porous 
barriers such as horizontal barrier, wavy barrier, inverted V-shaped 
barrier, and inverted L-shaped barrier having nonlinear pressure drop 
with partially reflecting boundary over the rectangular port. 

The validity of the numerical scheme is obtained through the com-
parison of wave amplification factor for rectangular domain using 
DBEM, including the porous barriers as a degenerate boundary at the 
two sides of the entrance with the existing studies of experimental re-
sults. The numerical simulations is also compared with the analytical 
study of the semi-circular harbor with linear pressure drop and 
nonlinear pressure drop. The current numerical scheme is validated with 
the analytical study of Shao et al. (2017) of varying bathymetry. In 
addition, the convergence analysis forthe rectangular port with a hori-
zontal barrier at the two sides of the entrance is conducted with spectral 
and regular discretization using least square and iterative method. The 
spectral discretization provides better accuracy as compare to the reg-
ular discretization. 

The numerical scheme is applied to the rectangular port to study the 

influence of the porous barrier at the center of the entrance and con-
nected porous barrier along the entrance. A significant reduction in 
wave amplification is observed for the different porous barriers. Further, 
numerical investigations are carried out to understand the effect of 
porous barriers in the Visakhapatnam port with different shapes. The 
wave amplification is estimated for the selected four key record stations 
(W1 to W4), and the six different resonance mode is obtained, i.e., k1 =

0.2448, k2 = 1.2384, k3 = 2.088, k4 = 2.6784, k5 = 5.6304, and k6 =

6.0048 in the port. The porous barrier of variousshapes as horizontal, 
wavy, inverted V and inverted L shapeshows the different effects on the 
wave amplification inside the port. In general, increase in surface area of 
porous barrier provides a maximal area for the wave dissipation, 
hencereduces the wave amplification. In this study, the porous barrier of 
inverted L-shaped allows the maximal surface area and thus reduces the 
wave oscillation significantly in comparison with other barriers. The 
study also concludes that porous barrier with different shapes as well as 
its location is also plays a significant role to analyze the resonance 
phenomenon. Moreover, the inclusion of various combinations of 
partially reflecting boundary of the port can effectively reduces the 
harbor resonance. 

The ocean surface wave field is also determined in Visakhapatnam 
Port for the first and sixth resonant modes without barrier and with a 
different shapesof porous barriers are placed at the two sides of the 
entrance and at the interior of the port, respectively. The surface 
elevation in the interior of the port represents through the contour plot 
for the normal incident wave with a fully reflecting port wall. On the 
basis of the surface elevation contour plots, the area inside the port with 
strong and weak amplitude is identified, which aids in selecting the 
safest location for the loading and unloading of the moored ship and 
other water vessels under the resonance conditions. The resonance 
within the port can be considerably reduced by making appropriate 
changes to the Visakhapatnam port layout, such as erecting barriers of 
diverse configurations at different locations. As a result, energy dissi-
paters can be built as part of port alteration and planning to reduce 

Fig. 19. Wave amplificationcontour without porous barrier and with the different types of porous barriers (horizontal, wavy, inverted V and inverted L) for the (a) 
first resonance mode k1 and the connected porous barriers at the two sides of the entrance and (b) sixth resonance mode k6 and the degenerate poruous barriers at the 
center of the interior of the port are given for normal incident wave angle at the entrance. 
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wave-induced oscillation to a certain amount. A current numerical 
approach is a useful tool for designing artificial port layouts, as well as 
for modifying existing harbor layouts to reduce resonance. 
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Annexure-I. 

The four functions, H1
0(kr), ∂H1

0(kr)
∂ns

, ∂H1
0(kr)
∂nf 

and ∂
2(H1

0(kr))
∂nf ∂ns 

in the dual integral equations have different orders of singularity when kr approaches zero The 
key point of the problem is the utilization of the global and local coordinates transformation. The boundary element discretization of the arbitrary 
domain in global coordinates is shown in Fig. A1 (a), and the single element in the local coordinate is presented in Fig. A1 (b).

Fig. A1. (a) The boundary discretization of arbitrary domain with the constant elements (b) coordinate transformation.  

The relationship between global and local coordinates is illustrated in Fig. A1 (b), using the following transformation 

xr = cos β
(
xf − xs

)
+ sin β

(
yf − ys

)

yr = − sin β
(
xf − xs

)
+ cos β

(
yf − ys

) (A1) 

The components of the unit outer normal vectors are given as 

nxs = sin β, nys = − cos β, nxf = sin α, and nyf = − cos α (A2)    

(a) Integration of H1
0(kr) at singularity 

The Hankel function (H1
0(kr)) can be expressed in terms of Bessel functions by the equations: 

H1
0(kr)= J0(kr) + iY0(kr) (A3) 

The value of the Hankel function is known for the known value of kr, as kr approaches zero the behavior of the Bessel functions is given 

J0(kr)≈ 1 as kr→0 (A4)  

Y0(kr)≈
2
π

(

log
kr
2
+ γ
)

as kr→0 (A5)  

where γ = 0.577216 …. and is termed as Euler’s constant. 
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The Hankel function shows the logarithmic singularity and can be evaluated by performing the following integration 

∫

H1
0(kr)dΓ= lim

(xr ,yr )→(0,0)

⎡

⎣
∫0.5l

− 0.5l

(

1+
2
π i
(

log
kr
2
+ γ
))

dΓ

⎤

⎦= l+
2
π iγl+ lim

(xr ,yr )→(0,0)

⎡

⎣2
π i

∫0.5l

− 0.5l

log
kr
2

dΓ

⎤

⎦= l+ l
2
π i
[

log
kl
4
− 1+ γ

]

(A6)    

(b) Integration of ∂H1
0(kr)
∂ns 

at singularity 

The normal derivative of Hankel function is given as 

∂H1
0(kr)
∂ns

= − kH1
1(kr)

∂r
∂ns

(A7)  

Where the Hankel function of first kind of first order (H1
1(kr)) is expressed in terms of Bessel functions by the equations: 

H1
1(kr)= J1(kr) + iY1(kr) (A8) 

As kr approaches zero, the behavior of the Hankel function is given as follows: 

J1(kr)≈ 0 as r→0 (A9)  

Y1(kr)≈ −
2
π

(
1
kr

)

as kr→0 (A10)  

∫ ∂H1
0(kr)
∂ns

dΓ= lim
(xr ,yr )→(0,0)

⎡

⎣2
π i

∫0.5l

− 0.5l

(
1
r

∂r
∂ns

)

dΓ

⎤

⎦ (A11) 

In local coordinate systemsss 

∂r
∂ns

=
∂r
∂xs

nxs +
∂r
∂ys

nys =
yr

r
(A12) 

On substituting Eq. (A12) in Eq. (A11), the integral becomes 

∫ ∂H1
0(kr)
∂ns

dΓ= lim
(xr ,yr )→(0,0)

⎡

⎣2
π i

∫0.5l

− 0.5l

(
1
r

yr

r

)

dΓ

⎤

⎦= lim
(xr ,yr )→(0,0)

⎡

⎣2
π i

∫0.5l

− 0.5l

(
yr

(xr − xs)
2
+ y2

r

)

dxs

⎤

⎦= lim
(xr ,yr)→(0,0)

[
2
π i
[

tan− 1
(

xr − xs

yr

)]xs=− 0.5

xs=− 0.5

]

= 2i (A13)    

(c) Integration of ∂H1
0(kr)
∂nf 

at singularity 

The normal derivative of Hankel function is given as 

∂H1
0(kr)
∂nf

= − kH1
1(kr)

∂r
∂nf

(A14)  

where ∂r
∂nf

= ∂r
∂xr

∂xr
∂n +

∂r
∂yr

∂yr
∂n , ∂xr

∂n = sin(α − β) and ∂yr
∂n = − cos(α − β). 

The Hankel function shows the singularity as kr approaches to zero and is evaluated by 

∫ ∂H1
0(kr)
∂nf

dΓ= − k
∫0.5l

− 0.5l

H1
1(kr)

∂r
∂nf

dΓ=
2
π i

∫0.5l

− 0.5l

1
r

∂r
∂nf

dΓ= lim
(xr ,yr )→(0,0)

2i
π

[

−
sin(α − β)

2
log
[
(xr − xs)

2
+ y2

r

]
− cos(α − β)tan− 1

(
xr − xs

yr

)]xs=0.5l

xs=− 0.5l
= − 2i (A15)    

(d) Integration of ∂2H1
0(kr)

∂nf ∂ns 
at singularity 

The second order normal derivative of Hankel function is given as 

∂2H1
0(kr)

∂nf ∂ns
= − k

∂
∂nf

[

H1
1(kr)

∂r
∂ns

]

(A16) 

The integration of second order Hankel function and utilizing the behavior of Hankel function for the first order as kr approaches zero is given as 

∫ ∂2H1
0(kr)

∂nf ∂ns
dΓ = − k

2
π i lim

(xr ,yr )→(0,0)

∫0.5l

− 0.5l

∂
∂nf

[
1
kr

∂r
∂ns

]

dΓ = −
2
π i lim

(xr ,yr )→(0,0)

∫0.5l

− 0.5l

∂
∂nf

[
1
r

∂r
∂ns

]

dΓ (A17) 
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The solution is obtained by using integration by parts and using Eq. (A12), is given as 

∫ ∂2H1
0(kr)

∂nf ∂ns
dΓ = −

2
π i lim

(xr ,yr )→(0,0)

∫0.5l

− 0.5l

∂
∂nf

[yr

r2

]
dΓ =

2
π i lim

(xr ,yr)→(0,0)

[

− yr sin(α − β)
1

(
xr − xf

)2
+ y2

r

− cos(α − β)
(
xr − xf

)

(
xr − xf

)2
+ y2

r

]0.5l

− 0.5l

=
8
lπ i (A18)  
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