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Abstract

Dual-channel retailing empowers the manufacturer to benefit from market opportunities
by producing customized items that fulfill client requirements. The manufacturer and
retailer sell customized products, which allow customers to express their chosen style to
increase both the likelihood of customers making a purchase and their level of satisfaction
with the product. This trend is demonstrated by the current study, in which customized
consumer items are considered through online and offline channels. On the other hand,
cybersecurity has become a crucial aspect of the digital era, ensuring the protection of
sensitive data, networks, and systems from cyberattacks and unauthorized access. This
study develops with a modern cybersecurity framework to protect against cyberattacks
and increase customer trust. This model is based on customized product design, cybersecu-
rity investment, advertisement investment, and increasing the green level of customized
products. The model is solved using both centralized policy and vertical Nash policy.
Numerical results indicate that centralized profit is 2.37% more than the decentralized
profit. Without investing in customized products and cybersecurity, the profit of the supply
chain decreases by 2.33% and 1.99% for the centralized method, 1.28% and 1.15% for the
vertical Nash method for the retailer, and 1.85% and 1.38% for the vertical Nash method for
the manufacturer.

Keywords: supply chain network; retail management; cybersecurity; transportation; Nash
game

MSC: 90B05; 90B06

1. Introduction
In today’s market, the customized product business is a popular trend [1]. This is

because consumer taste in products is constantly evolving. Therefore, the demand for
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customized products has been steadily growing worldwide. Using customized products,
the consumer can express their needs through their style to satisfy their expectations. The
consumer places an order for a product according to their preferences, and the manufacturer
then makes the product following those desires. When this occurs, the store can earn
a profit, since the customer finally receives the products they desire, is satisfied with
their purchase, and is willing to pay the cost of the customized product. The firm offers
customized items to satisfy the desire of the customer and run the business successfully and
efficiently [2]. The retail channel promotes its brand by sharing its customized products
online [3]. Implementing a successful plan enables members of the supply chain to enhance
their sales volume and market share. In particular, retail channels are primarily concerned
with boosting the number of transactions, which can be boosted by environmentally
green products, advertising, and customized products through a dual-channel strategy.
Manufacturers and retailers employ several technologies to adapt customer behavior.

With the growing customized product industry and increasing use of technology,
cybersecurity is a problem that is receiving attention and significance on a global scale [4].
The most prominent problem that various firms are dealing with is cyberattacks [5]. Multi-
ple threats, including malware, spam, phishing attacks, and distributed denial-of-service
attacks can produce cyberattacks. Several organizations are required to prioritize protect-
ing themselves from unfamiliar attacks. Hence, it is necessary for every organization to
consider the dangers to which they are frequently exposed and to carry out their opera-
tions in such a manner that they can minimize the vulnerabilities to the greatest possible
extent. Every year, there has been an increase in the number of cyber breaches that have
been reported. Many cyberattacks have been observed recently, and most attacks occur in
networking and internet technology. For example, when a famous Bluetooth headphone
company creates a design with wireless data transmission, they increase their exposure
to cybersecurity threats in the form of unauthorized access, data breaches, and malware
infection. Therefore, it is the responsibility of manufacturers to provide secure connections
between devices and headphones. A Bluetooth headphone firm will have to possess strong
encryption mechanisms, authentication techniques, and periodic firmware updates to
safeguard customers’ privacy and build trust.

1.1. Aims and Objectives

The main objective of this study is to provide cybersecurity to supply chain members
within a supply chain network (SCN).

• As e-commerce and digital platforms are expanding exponentially, retailers are faced
with disastrous issues in data protection and customer trust; hence, it is imperative
to create effective cybersecurity strategies. At the same time, customers want more
personalized experiences, and businesses are challenged to create customized prod-
ucts with their own individual priorities in focus, resulting in increased customer
satisfaction and loyalty.

• This study is driven by the pressing global imperative for eco-friendly business prac-
tices; the challenge is the integration of green innovation in production and distribution
to ensure environmental and economic gains. Effective advertising strategies also
play a crucial role in influencing the minds of consumers and conveying the value of
customized and sustainable products. Finally, dual-channel retailing helps all types of
customers buy products according to their own priorities and put businesses ahead in
the competitive market.

• By combining these dimensions, this study aspires to advance theory and offer man-
agerial suggestions for creating a secure, sustainable, and customer-oriented retail
atmosphere in order to survive and thrive in the green and digital economy.
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1.2. Research Questions

Some research questions of this study are discussed below.

• What will be the profit of the retailer, manufacturer, and supply chain if it has cyberse-
curity issues for online and offline channel? Can the proposed policy provide more
profit than either the online cybersecurity issue or offline cybersecurity issue alone?

• In the face of green innovation and advertisement issues, will the customized product
dual-channel strategy be beneficial for both the player and the supply chain?

• What is the best dual-channel retailing strategy for maximizing the profit using green
innovation, advertisement, cybersecurity, and customized products?

1.3. Contribution of This Study

To address the above research gaps, this study proffers the following contributions
(Figure 1).

• To run businesses efficiently and smoothly in today’s competitive and globalized
market, supply chain members provide the service of customized products based on
customer preferences to give customer satisfaction through online and offline channels.

• To develop brand trust and avoid interrupted operations, supply chain members
invest in strong security measures, which ensure that the customer can collaborate
easily and happily in the near future.

• To develop environmental growth, the manufacturer makes green products. The
manufacturer and retailer transport products using railway transportation, which is
more eco-friendly than other transportation systems.

• To increase sales and enhance brand reputation, advertising services are provided by
supply chain members.

Figure 1. Research work on cybersecurity and customized products (data source: https://www.
sciencedirect.com/; 1 August 2025).

1.4. Orientation

The remainder of this study has been partitioned into the following sections. The
relevant literature is discussed in Section 2. In Section 3, notation, assumptions, and the
problem definitions are discussed. The mathematical model is explained in Section 4.
Section 5 shows the solution methodology. In Section 6, numerical analysis and discussions
are explained, and managerial insights are discussed in Section 7. Finally, conclusions and
future extensions of this study are elaborated in Section 8.
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2. Literature Review
This study focuses on online and offline customized products and cybersecurity in

the green supply chain. The related literature is studied and discussed in this section. A
comparative review is given in a tabular form in Table 1.

Table 1. Authors’ contributions.

Author(s) Model Type Channel
Type

Customized
Product Cybersecurity Advertisement Transport Green

Innovation

Adhikari
et al. [6] SCM Offline × ×

√ √ √

Trentin et al.
[7] SCM ×

√
× × ×

√

Olsen and
Pracejus [8] SCM Offline

√
×

√
× ×

Moon et al.
[9] SCM Dual ×

√
×

√ √

He et al. [10] SCM E-commerce
√

× ×
√

×
Singh et al.

[11] SCM Offline × ×
√

×
√

Du et al. [12] SCM Dual
√

×
√

× ×
Chauhan
et al. [13] SSCM Dual

√
× × ×

√

Gautam et al.
[14] SCM Offline × × × ×

√

Battaglini
[15] SCM Single ×

√
× ×

√

Song et al.
[16] SCN Single ×

√
× × ×

Mahapatra
et al. [17] SCM Dual × ×

√ √ √

Liu et al. [18] SCM Single ×
√

× ×
√

Chauhan and
Majumder

[19]
SCM Fuzzy

√
× ×

√ √

This paper SCN Dual
√ √ √ √ √

SSCM: Sustainable supply chain management; SCM: Supply chain management; SCN: Supply chain network; ×:
Not specified;

√
: Yes.

2.1. Influence of Customized Product Under Dual-Channel Channel

In the competitive market, supply chain members use various policies and strategies to
maintain a stable demand in the market [20]. Manufacturers and retailers open dual-channel
retailing to provide better service to customers. For example, as customers follow trends in
fashion, they try to distinguish themselves and their style from others. To meet the demands of
this fashion trend, supply chain members have begun to make customized products. Huang
et al. [21] proposed a two-stage customized packaging strategy designed to maximize profit,
addressing consumer demands to improve consumer loyalty and happiness. However, this
study avoided explaining the advantages of cybersecurity. Flacandji et al. [22] demonstrated
a retail application that does not enhance consumers’ perception of independence but does
enhance their sense of ability. Wang et al. [23] presented a closed-loop supply chain (CLSC)
model where they focused on product customization under dual-channel retailing. According
to them, the manufacturer marketed customized products via online channels only, but the
manufacturer marketed regular products through both online and offline channels.

Manufacturer decision-making based on opening a live-streaming shopping channel
was examined by Zhang and Tang [24]. They showed that it is possible for manufacturers to
earn more profit by opening a live-streaming shopping channel but ignored discussion on the
advantages of advertisement. Kim et al. [25] examined small-sized stores and assessed whether
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such a store should use a dual-channel retailing strategy or not that in the competitive market.
They proved that dual-channel retailing is always an advantageous idea for small-sized
stores. Pan et al. [26] developed a novel approach for designing customized products. The
study focused on a re-commendatory configuration design method for customized products
and showed that profit increases 99.51% when using that approach. However, the study
did not discuss cybersecurity and advertising. Hosseini-Motlagh et al. [27] demonstrated
competition between two types of retailers—an electronic retailer and a traditional retailer
using dual-channel retail—where a warranty replacement policy is offered by the electronic
retailer, whereas the traditional retailer offers sales services to customers. However, the study
did not consider the benefits of advertisement.

2.2. Impact of Advertisement and Selling Price Driven Demand in Supply Chain

Supply chain members impose many strategies by adjusting demand balance in the
market to earn more profit for the SCN. Demand may not be constant at all times; as such,
the selling price is an important decision in achieving higher demand. A lower selling
price is always beneficial for earning more profit in the competitive market. Lu et al. [28]
investigated the effect of users viewing advertisement videos in the business sector. This
study focused on comparing user ratings for the effectiveness of advertisement videos.
Mirzagoltabar et al. [29] designed an SCN in the lighting industry, where the price of
dual-channel retailing and demand are considered as uncertain. The study investigated
customer behavior in relation to the selling price of the product. However, the study
avoided discussing the benefits of customized products and cybersecurity. To provide an
electronic shopping experience to customers, Zhang et al. [30] presented a supply chain
management (SCM) model, where the manufacturer offers three different electronic chan-
nels and showed competition between channels. A price competition between two retailers
(a traditional retailer and an e-retailer), was designed by Qiu et al. [31] in a supply chain
model considering dual-channel retail. They assigned the manufacturer as a leader and
both retailers as followers. Along with the selling price, advertising takes a big role in
earning more profit in a supply chain network. When a retailer advertises a product with all
its features and necessities, then customers know about the product and become interested
in buying the product. However, this study did not consider green innovation, customized
products, and cybersecurity in their study.

Nishio and Hoshino [32] published a study demonstrating the necessity of integrating
advertising rewards into a corporate loyalty program. Competition between the manufacturer
and retailer was considered by Pei and Yan [33], where the manufacturer advertises products to
customers through online retailing. Sarkar et al. [34] worked on a biodiesel-based supply chain.
The study discussed the risk of biodiesel production in the supply chain network. However,
they avoided discussing cybersecurity and a customized products. Gao et al. [35] presented a
CLSC network where the demand is uncertain in the dual-channel retailing for the appliance
industry. The study focused on advertisement but avoided discussion on green products,
customer security, and customized products. Kumar et al. [36] examined retail price strategy.
The study proposed a smart approach to payment policy. They focused on using advertisement
and selling prices to obtain an advantage in the competitive market but not on the effect
of customized products and cybersecurity. Chaudhari et al. [37] studied advertisement,
price, and stock depending on demand. They introduced how advertisement, the down-cash-
credit method, deteriorating product, and carbon tax regulation impact business strategies.
Motlagh and Nasiri [38] developed a model to optimize pricing strategies in a dual-channel
retailing under an SCM with incorporates a discount policy. They incorporated a revenue-
sharing contract between supply chain members, and the demand is dependent on price and
uncertainty to earn more profit.
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2.3. Effects of Cybersecurity in Supply Chain

Recent advancements in communication and web technology have led to an increase
in cyberattacks across all industries. Incidents involving ransomware have become one
of the most critical cybersecurity risks confronting organizations globally. In recent years,
ransomware has increasingly targeted vital facilities and cyber–physical systems (CPS),
including industrial control systems and healthcare networks [39]. Patient empowerment
and digital health records have become essential in the evolving landscape of healthcare
delivery, as patients increasingly adopt a proactive role in managing their health, as was
introduced by Govindarajan et al. [40]. This study did not use green innovation. Jana
and Ghosh [41] developed and refined a comprehensive risk assessment framework for
cybersecurity. Their methodology aimed to improve the ability to predict risks related to
cybersecurity despite uncertainties in data and information stemming from various criminal
activities. Li et al. [42] worked on cybersecurity in the supply chain. This study focused
on securing customers for buying online products in the business sector by providing
cybersecurity. However, the study did not discuss the benefits of customized products.
Wang [43] introduced analytical models to optimize corporate cybersecurity expenditures
and cyber insurance, focusing on the efficacy of investments in mitigating cyberattacks,
vulnerabilities, and consequences. The study focused on customer reactions to cyber
threats. Gombár et al. [44] discussed cybersecurity risks in industry. The study proposed
a framework of hybrid threads based on risk perception analysis. Tayyab et al. [45]
experimented with the utilization of serial production technology that helped to develop a
production model. But they did not discuss security technology that could help the serial
production system for information security.

2.4. Transportation in Supply Chain

Transportation is very important in any industry. All industries want to reduce trans-
portation costs to stay ahead in business. Rajabion et al. [46] introduced the influence of urban
transportation on agricultural products. The study explained many types of competitive ad-
vantages for agricultural product distribution in the urban area. Samanta et al. [47] developed
a transportation strategy for smart production. The study showed how transportation affects
the human society in the complex retail sector. Saen et al. [48] investigated the effectiveness
of non-convex double frontiers in the context of sustainable transportation supply chains.
This study presented a new and innovative nonconvex double frontier method, known as the
network-free disposal hull, for assessing sustainable supply chains. Sherif et al. [49] worked
on inventory, transportation, and vehicle routing in a green supply chain network. The study
introduced environmental regulations and economic concerns for the battery industry. Nu-
groho and Zhu [50] explained a transportation planning approach for syngas and hydrogen in
the supply chain. The study proposed a strategic transportation and supply planning model
with the objective of maximizing supply chain profit in consideration of supply capacity,
available biomass, and transportation cost. However, the study avoided explaining green
innovation and dual-channel retailing. Tayyab et al. [51] investigated fuzzy programming
approach with a sustainable SCM. It demonstrated how a supplier can minimize transporta-
tion costs and provide maximum profit. Yige et al. [52] investigated government subsidies for
transportation in the supply chain. The study introduced the effect of shipping enterprises on
green transformation for social responsibility.

2.5. Effect of Green Innovation Within Supply Chain

The latest literature observes that green innovation is an enhancer of operational efficiency,
competitiveness, and sustainability in the long-range sense for supply chain management.
Debnath and Sarkar [53] worked on circular economy for achieving sustainable development.
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The study focused on reuse of materials and waste reduction but did not explain the benefit
of green innovation and cybersecurity. Alamri et al. [54] discussed a sustainable inventory
model for an imperfect item. They focused on preservation techniques to obtain a long-lasting
product, advertising to attract customers, reducing carbon emissions to reduce greenhouse
gas, and waste management for maximum profit. Habib et al. [55] developed a flexible
programming approach in the supply chain. The study investigated the risk and benefit
of fossil fuels. Ahmed et al. [56] focused on reworking an imperfect product in the supply
chain, providing repair of defective products in the local market to maximize overall profit.
Yadav et al. [57] examined the environmental effect of bi-product management but without
the usage of cybersecurity. Levi-Bliech and Dahan [58] discussed the influence of green items
in the green supply. The study showed that the supply chain and green innovation enhance
the social performance of an organization. However, they did not introduce a customized
product. Guchhait and Sarkar [59] developed a decision-making strategy in the global supply
chain. The model introduced a multi-retailer and manufacturer model, which explained
environmental, economic, outsourcing, and service issues.

3. Problem Definition, Notation, and Assumptions
The problem’s definition, notation, and assumptions are discussed here.

3.1. Problem Definition

An SCN model is observed with one manufacturer and one retailer. The manufacturer
sells products through an online channel to the customer at the wholesale price and through
an offline channel to the retailer. The retailer sells those products to customers through
an offline channel. The manufacturer offers a fixed discount to the retailer due to the
large volume ordered by the retailer. Both the retailer and manufacturer invest capital
for cybersecurity, greenness, and customized product design. Additionally, the retailer
invests in advertisement. The model is solved by vertical Nash (VN) and centralized policy
(CP) methods. The framework of the model is depicted in Figure 2.

Figure 2. Problem description of the study.

3.2. Notation

All notation of this study are given in Table 2.

https://doi.org/10.3390/math14010192
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Table 2. Notation.

Decision Variables

κ Level of green innovation (manufacturer)
𭟋1, 𭟋2 Manufacturer’s online and offline cybersecurity, respectively (manufacturer)

ϱ1, ϱ2
Manufacturer’s customized product design through online and offline, respectively
(manufacturer)

ϑ1 Online selling price (manufacturer) ($/unit)
ς Level of advertisement (retailer)
𭟋3 Retailer cybersecurity (retailer)
ϱ3 Retailer’s customized product design (retailer)
ϑ2 Offline selling price (retailer) ($/unit)

Dependent Variable

ρ Wholesale price, which is dependent on the online selling price of manufacturer ($/unit)

Parameters Description

Retailer

a Base market demand (a > 0) (units)
σ Customer’s choice of preferred channel 0 < σ < 1

υ, ζ
Scaling parameter representing demand based on the selling price in the same and
opponent channels (υ, ζ > 0)

τ, c Scaling parameter representing demand for advertisement and greenness (τ, c > 0)
ν Cost coefficient of advertisement ($)
rv Retailer’s variable transportation cost ($/item)
r f Retailer’s fixed transportation cost ($)
χ3 Investment scaling parameter for the retailer’s customized product design ($)
γ3 Investment scaling parameter for retailer cybersecurity ($)
ϖ3 Shape parameter for retailer customized product design
ε3 Shape parameter for retailer cybersecurity
λ3 Scaling parameter in demand for retailer customized product design
κ3 Scaling parameter in demand for retailer cybersecurity

Manufacturer

h Fixed discount on price (0 < h < 1)
ψ Cost coefficient of green investment ($)

κ1, κ2
Scaling parameter representing demand for cybersecurity of the manufacturer through
online and offline channels

λ1, λ2
Scaling parameter representing manufacturer customized product design in online and
offline channels

ε1, ε2 Shape parameter for manufacturer cybersecurity through online and channels
ϖ1, ϖ2 Shape parameters for manufacturer product design through online and online channels
γ1, γ2 Scaling parameter related to cybersecurity investment of manufacturer through online and

offline channels, respectively ($)

χ1, χ2
Investment scaling parameter of the manufacturer for customized product design through
online
and offline channels, respectively ($)

mv Manufacturer’s variable transportation cost ($/item)
m f Manufacturer’s fixed transportation cost ($)

3.3. Assumptions

The assumptions of the research problem are as follows:

Assumption 1. An SCN model consists of one manufacturer and one retailer, where the manufac-
turer produces customized products and sells directly to the customer through an online channel
and to retailer through an offline channel. After receiving products, the retailer sells products to the
customer through an offline retail channel.
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Assumption 2. The market demand of the customized product is non-linear. The market de-
mand depends upon the selling price of online and offline channels, advertisement, cyberse-
curity, customized product design, and the greenness of the product. The offline demand is
DA(ϑ1, ϑ2,κ, ς,𭟋2,𭟋3, ϱ2, ϱ3), and the online demand is DB(ϑ1, ϑ2,κ,𭟋1, ϱ1).

Assumption 3. The retailer invests 1
2 νς2 in advertisement for increasing customer trust, sales,

and brand value, where ν is the cost coefficient of advertisement and ς is the level of advertisement.
The manufacturer invests in green innovation κ.

Assumption 4. The retailer invests γ3
𭟋2

3
2

in cybersecurity. The manufacture invests γ1
𭟋2

1
2

and

γ2
𭟋2

2
2

in cybersecurity through online and offline channels, respectively, where γ3, γ1, and γ2 are
the respective investment coefficients.

Assumption 5. The retailer invests χ3
ϱ2

3
2

in customized products. The manufacture invests χ1
ϱ2

1
2

and χ2
ϱ2

2
2

in customized product through online and offline channels, respectively, where χ3, χ1,
and χ2 are the respective investment coefficients.

Assumption 6. The manufacturer provides a fixed discount (0 < h < 1) on the online selling
price to the retailer due to the large quantity ordered by the retailer. This means that the retailer
purchases items from the manufacturer at the wholesale price ρ = hϑ1, which is decided by the
manufacturer, where ϑ1 is the online selling price.

Assumption 7. The manufacture and retailer use railway transportation for shipments. The fixed
and variable transportation cost of the manufacturer are mv and m f , respectively. The fixed and
variable transportation costs of the retailer are rv and r f , respectively.

4. Mathematical Model Formulation
One manufacturer and one retailer engage in the SCN. The offline market demand of

the customized product is

DA = σa − υϑ2 + ζϑ1 + cκ + τς + κ2𭟋ε2
2 + κ3𭟋ε3

3 + λ2ϱϖ2
2 + λ3ϱϖ3

3 (1)

and the online market demand is

DB = (1 − σ)a − υϑ1 + ζϑ2 + cκ + κ1𭟋ε1
1 + λ1ϱϖ1

1 , (2)

where a is base market demand, σ is the customer’s choice of preferred channel, υ is a
scaling parameter for demand for the associated channel, ϑ2 is the offline selling price, ζ is
a scaling parameter associated with demand for the opponent’s channel, ϑ1 is the online
price, c is a scaling parameter related to a product’s greenness, κ is the level of greenness,
τ is the scaling parameter related to advertisement, ς is the level of advertisement, κ2 is a
scaling parameter for cybersecurity of the manufacturer through the offline channel, 𭟋2

is manufacturer’s offline cybersecurity, ε2 is the shape parameter for the cybersecurity of
the manufacturer through the offline channel, κ3 is a scaling parameter for cybersecurity
of the retailer through the offline channel, 𭟋3 is the retailer’s offline cybersecurity, ε3 is
the shape parameter for the cybersecurity of the retailer through the offline channel, λ2

is a scaling parameter for customized products of the manufacturer through the offline
channel, ϱ2 is the manufacturer’s offline customized product, ϖ2 is the shape parameter
for the manufacturer’s customized product through the offline channel, λ3 is a scaling
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parameter for the customized product of the retailer through the offline channel, ϱ3 is the
retailer’s offline customized product, ϖ3 is the shape parameter for the customized product
of the retailer through the offline channel, κ1 is the scaling parameter for manufacturer
cybersecurity through the online channel, 𭟋1 is the manufacturer’s online cybersecurity,
ε1 is the shape parameter for the cybersecurity of the manufacturer through the online
channel, λ1 is a scaling parameter for the manufacturer’s customized product through
the online channel, ϱ1 is the manufacturer’s online customized product, ϖ1 is the shape
parameter for the product customized by the manufacturer through the online channel.

Costs, revenues, and profits of the manufacturer and retailer within the SCN are
discussed below.

4.1. Manufacturer’s Model

The manufacturer sells customized products to customers at a wholesale price online,
and the retailer sells offline. The manufacturer uses railway transportation to transport
products. The total demand of the manufacturer is DA + DB. There are three types of
investment by the manufacturer: green investment, cybersecurity investment, and cus-
tomized product design investment. The different costs of the manufacturer are discussed
below.

4.1.1. Revenue

The manufacturer sells products to customers through an online channel at ϑ1 ($/item)
and to the retailer through an offline channel at a wholesale price ρ. The wholesale price
comes with a fixed discount h on the online selling price ϑ1. Then, the wholesale price
becomes ρ = hϑ1 ($/item). DA and DB are the offline and online demand, respectively.
Hence, the total revenue of the manufacturer is as follows:

DAρ + DBϑ1 = DAhϑ1 + DBϑ1. (3)

4.1.2. Cybersecurity Investment

To secure the digital asset from cyberattacks and associated risks, the manufacturer
uses some precaution. The cybersecurity precautionary measure is used in both channels.
γ1 and γ2 represent cybersecurity investment for the online and offline channels, respec-
tively. 𭟋1 and 𭟋2 represent the associated cybersecurity usage. Hence, the manufacturer’s
investment for cybersecurity for both channels is as follows:

γ1
𭟋2

1
2

+ γ2
𭟋2

2
2

. (4)

4.1.3. Customized Product Design Investment

The manufacturer receives an order for customized products from market. Hence,
after production of a base product, the manufacturer customizes products based on the
demand. For online and offline channels, the manufacturer invests in customized product
production facilities. χ1 and χ2 are the customized product investment parameters. ϱ1

and ϱ2 are the associated customized product design for the online and offline channels,
respectively. Therefore, the total investment for customized product design is as follows:

χ1
ϱ2

1
2

+ χ2
ϱ2

2
2

. (5)

4.1.4. Green Innovation Investment

The customized product is an eco-friendly product and has a green innovation level.
The manufacturer maintains green innovation for the customized products. ψ is the
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green investment, and κ is the green innovation level. Hence, the manufacturer’s green
innovation investment is as follows:

1
2

ψκ2. (6)

4.1.5. Transportation Cost

The manufacturer uses transports for raw materials. The manufacturer invests mv

and m f for variable and fixed transportation purposes, respectively. Hence, the total
transportation cost of the manufacturer is

(DA + DB)mv + m f . (7)

4.1.6. Total Profit of the Manufacturer

The total profit of the manufacture is obtained from Equations (3)–(7) in Equation (8).

Π∗
m = DAhϑ1 + DBϑ1 −

1
2

ψκ2 − γ1
𭟋2

1
2

− γ2
𭟋2

2
2

− (DA + DB)mv − m f − χ1
ϱ2

1
2
− χ2

ϱ2
2

2
. (8)

4.2. Retailer’s Model

The retailer sells the customized products through an offline channel. The demand of
the retail channel is DA. The revenue and costs of the retailer are discussed below.

4.2.1. Revenue from Selling

The retailer generates revenue from the offline channel by selling products on the
market. The retail price of product is ϑ2. The total revenue of the retailer is given bellow.

DAϑ2 (9)

4.2.2. Advertisement Investment

The retailer uses advertisement to obtain more customers than they would otherwise.
An additional investment is required in that case. The investment scaling parameter of the
advertisement is ν, and the advertisement level is ς. Hence, the advertisement investment
is explained in Equation (10).

1
2

νς2 (10)

4.2.3. Purchasing Cost

The retailer’s demand is DA and the retailer buys product from the manufacturer
at a rate hϑ1, where h is the fixed discount and ϑ1 is the online selling price. Hence, the
purchasing cost of the retailer is

DAhϑ1. (11)

4.2.4. Transportation Cost

The retailer uses rail transport for carrying product from the manufacturer’s store to
the retail store. The retailer has the unit transportation costs rv and r f for variable and fixed
transportation, respectively. Hence, the total transportation cost of the retailer is shown in
Equation (12).

DArv + r f (12)

4.2.5. Cybersecurity Investment

The retailer invests in cybersecurity for protection from digital risks. The investment
scaling parameter for the cybersecurity of the retailer is γ3, and the cybersecurity level of
the retailer is 𭟋3. The cybersecurity investment is explained in Equation (13).
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γ3
𭟋2

3
2

(13)

4.2.6. Customize Product Design Investment

The retailer contributes to the customized product design alongside the manufacturer.
Thus, the retailer invests in customized product design. The investment scaling parameter
of the customized product design of the retailer is χ3 and the customized product design
level of the retailer is ϱ2

3. The customized product investment is explained in Equation (14).

χ3
ϱ2

3
2

(14)

4.2.7. Total Profit of the Retailer

Therefore, the total profit of the retailer is obtained from Equations (9) – (14) as follows:

Π∗
r = DA(ϑ2 − hϑ1)−

1
2

νς2 − DArv − r f − γ3
𭟋2

3
2

− χ3
ϱ2

3
2

. (15)

4.3. Total Profit of the SCN

Therefore, the total profit of the SCN is obtained from Equations (8) and (15) as follows:

Π∗
sc =ϑ2DA + ϑ1DB − 1

2
ψκ2 − 1

2
νς2 − γ1

𭟋2
1

2
− γ2

𭟋2
2

2
− χ1

ϱ2
1

2
− χ2

ϱ2
2

2

−(DA + DB)mv − m f − DArv − r f − γ3
𭟋2

3
2

− χ3
ϱ2

3
2

.

(16)

5. Solution Methodology
The models are solved using both a CP and decentralized policy based on a VN game.

The optimum values of the decision variables in two cases are derived analytically using
the classical optimization technique. A brief summary of the above methods is given below:

A CP method coordinates with just one authority for deciding selling prices, adver-
tisement, green innovation, cybersecurity, and customized products. Such an approach
diminishes channel conflict, ensures uniform standards, and enhances communication
across departments. Managers exercise control over resource allocation, thereby ensuring
cost efficiency with greater system profitability. Additionally, the CP method institution-
alizes uniform rules and procedures throughout the organization for purposes of risk
management. Hence, overall efficiency and strategic alignment in the future are achieved
through the centralization of systems, thereby viewing the entire system as one whole
integrated body.

A VN method allows each supply chain member to make independent decisions that
maximize their own profit, leading to more realistic and practical outcomes in competitive
environments. Thus, such a condition leads to a more reasonable and practical represen-
tation in competitive environments. The decentralization presents itself as productive
market behavior since it operates in the framework of conflicting objectives, constraints,
and information sets of manufacturers and retailers. As each party can react significantly
faster to changes in the market without waiting for centralized approval, it encourages
flexibility and local innovations. Transparency within the VN method is aided by the clear
declaration of the optimal strategies and profit contribution of each channel member. Over-
all, it informs managerial decision-making with respect to how self-interested behavior
impacts pricing, production, investment, and coordination within the supply chain.
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5.1. CP Method

In this method, the manufacturer and retailer jointly decide the optimum value of the
decision variables and try to obtain maximum profit in the system. For finding the optimal
results, the first-order partial derivatives of Equation (16) with respect to all decision
variable is calculated and set such that they are equal to zero; these are ∂

∂ϑ2
(πSC) = 0,

∂
∂ϑ1

(πSC) = 0, ∂
∂κ (πSC) = 0, ∂

∂ς (πSC) = 0, ∂
∂𭟋1

(πSC) = 0, ∂
∂𭟋2

(πSC) = 0, ∂
∂𭟋3

(πSC) = 0,
∂

∂ϱ1
(πSC) = 0, ∂

∂ϱ2
(πSC) = 0, and ∂

∂ϱ3
(πSC) = 0.

All values of the first-order derivative are given in Appendix B. Please check
Appendix B for explicit values. After that, the optimum values of the decision variables are
found as follows:

ϑ∗
2 =

cκ + 2ζϑ1 + τς − (ζ + υ)mv + υrv + κ2𭟋ε2
2 + κ3𭟋ε3

3 + aσ

2υ
(17)

ϑ∗
1 =

cκ + 2ζϑ2 + (υ − ζ)mv − ζrv + κ1𭟋ε1
1 + a(1 − σ)

2υ
(18)

κ∗ =
c(ϑ2 + ϑ1 − 2mv − rv)

ψ
(19)

ς∗ =
τ(ϑ2 − mv − rv)

ν
(20)

𭟋∗
1 =

[
ε1κ1(ϑ1 − mv)

γ1

] 1
2−ε1

(21)

ϱ∗1 =

[
ϖ1λ1(ϑ1 − mv)

χ1

] 1
2−ϖ1

(22)

𭟋∗
2 =

[
ε2κ2(ϑ2 − mv − rv)

γ2

] 1
2−ε2

(23)

ϱ∗2 =

[
ϖ2λ2(ϑ2 − mv − rv)

χ2

] 1
2−ϖ2

(24)

𭟋∗
3 =

[
ε3κ3(ϑ2 − mv − rv)

γ3

] 1
2−ε3

(25)

ϱ∗3 =

[
ϖ3λ3(ϑ2 − mv − rv)

χ3

] 1
2−ϖ3

. (26)

Theorem 1 establishes that Equation (16) has the global maximum value at the above
unique solutions. Algorithm 1 is used to find the numerical values in CP method.

Theorem 1. The objective function in Equation (16) achieves a global maximum at a unique point
if the principal minors of its Hessian matrix of order 10 × 10 have an alternating sign at the optimal
values of the decision variables. That is, the values of the principal minors of the Hessian matrix
are |H1×1| < 0, |H2×2| > 0, |H3×3| < 0, |H4×4| > 0 |H5×5| < 0, |H6×6| > 0, |H7×7| < 0,
|H8×8| > 0, |H9×9| < 0, and |H10×10| > 0.

Proof. See Appendix B.
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Algorithm 1: Algorithm to find the global numerical solution in CP method

Step 1. Give all parameter’s values and set the loop counter i.
Step 2. Set the initial values of parameters.
Step 3. Evaluate ϑ∗

2 from Equation (17) utilizing the values of Step 2.
Step 4. Evaluate ϑ∗

1 from Equation (18) utilizing the values of Step 3.
Step 5. Evaluate κ∗ from Equation (19) utilizing the values of Step 4.
Step 6. Evaluate ς∗ from Equation (20) utilizing the values of Step 5.
Step 7. Evaluate 𭟋∗

1 from Equation (21) utilizing the values of Step 6.
Step 8. Evaluate ϱ∗1 from Equation (22) utilizing the values of Step 7.
Step 9. Evaluate 𭟋∗

2 from Equation (23) utilizing the values of Step 8.
Step 10. Evaluate ϱ∗2 from Equation (24) utilizing the values of Step 9.
Step 11. Evaluate 𭟋∗

3 from Equation (25) utilizing the values of Step 10.
Step 12. Evaluate ϱ∗3 from Equation (26) utilizing the values of Step 11.
Step 13. Set all the above-proposed steps utilizing the amended values of ϑ∗

2 , ϑ∗
1 ,

κ∗, ς∗, 𭟋∗
1 , ϱ∗1 , 𭟋∗

2 , ϱ∗2 , 𭟋∗
3 , and ϱ∗3 . Until the values of ϑ∗

2 , ϑ∗
1 , κ∗, ς∗, 𭟋∗

1 , ϱ∗1 ,
𭟋∗

2 , ϱ∗2 , 𭟋∗
3 , and ϱ∗3 from i − 1 and i become the same, repeat Steps 3 to 12.

Step 14. Calculate the total profit of SCN by substituting the values of ϑ∗
2 , ϑ∗

1 ,
κ∗, ς∗, 𭟋∗

1 , ϱ∗1 , 𭟋∗
2 , ϱ∗2 , 𭟋∗

3 , and ϱ∗3 into Equation (16). This is the maximum
profit, and ϑ∗

2 , ϑ∗
1 , κ∗, ς∗, 𭟋∗

1 , ϱ∗1 , 𭟋∗
2 , ϱ∗2 , 𭟋∗

3 , and ϱ∗3 are the optimal solutions.
Step 15. Stop.

5.2. VN Method

For the decentralized case, the optimum solutions are obtained using vertical Nash
game. The VN game appears between two different level of supply chain players; in this
case, these are the manufacture and the retailer. In this method, both the members take
decisions independently. This means that the manufacturer and the retailer both decide the
optimum values of their individual decision variables. ϑ2, ς, 𭟋3, and ϱ3 are the decision
variables of the retailer and ϑ1, κ, 𭟋1, 𭟋2, ϱ1, and ϱ2 are the decisions variable of the
manufacturer.

For determination of the optimal result, one can partially differentiate the profit
function of the retailer in Equation (15) and the manufacturer in Equation (8) with respect
to the corresponding decision variables and set them to be equal to zero; these values are as
follows: ∂

∂ϑ2
(πR) = 0, ∂

∂ς (πR) = 0, ∂
∂𭟋3

(πR) = 0, ∂
∂ϱ3

(πR) = 0, ∂
∂ϑ1

(πM) = 0, ∂
∂κ (πM) = 0,

∂
∂𭟋1

(πM) = 0, ∂
∂𭟋2

(πM) = 0, ∂
∂ϱ1

(πM) = 0, and ∂
∂ϱ2

(πM) = 0. All values of the first-order
derivative are given in Appendices C.1 and C.2. Please check Appendices C.1 and C.2 for
explicit values. The sufficient conditions for the classical optimization establish the global
maximum profit at the obtained values. For the manufacturer, the optimum values of the
decision variables are

ϑ∗
1 =

a + cκ(1 + h) + ζϑ2 − υhϑ2 + τhς + υmv − ζmv + κ1𭟋ε1
1 + hκ2𭟋ε2

2 + hκ3𭟋ε3
3 + a(h − 1)σ

2(υ − ζh)
(27)

κ∗ =
c(ϑ1 + hϑ1 − 2mv)

ψ
(28)

𭟋∗
1 =

[
ε1κ1(ϑ1 − mv)

γ1

] 1
2−ε1

(29)

ϱ∗1 =

[
ϖ1λ1(ϑ1 − mv)

χ1

] 1
2−ϖ1

(30)

𭟋∗
2 =

[
ε2κ2(ϑ1h − mv)

γ2

] 1
2−ε2

(31)
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ϱ∗2 =

[
ϖ2λ2(ϑ1h − mv)

χ2

] 1
2−ϖ2

. (32)

The following Theorem 2 establishes that the obtained profit of Equation (8) of the
manufacturer using the above unique solutions are global maximum. For establishing the
global maximum, Theorem 2 follows Propositions 1 and 2. Algorithm 2 is used to find the
numerical results of the manufacturer in VN method.

Theorem 2. The global maximum is achieved for Equation (8) if the principal minors of the Hessian
matrix of order 6 × 6 have an alternating sign. That is, the values of the principal minors of
the Hessian matrix are |H1×1| < 0, |H2×2| > 0, |H3×3| < 0, |H4×4| > 0, |H5×5| < 0, and
|H6×6| > 0.

Proof. See Appendix C.1.

Proposition 1. −γ1 + ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2
1 < 0, i.e., ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2

1 <

γ1.

Proposition 2. −γ1 + ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2
1 + κ1ε1𭟋ε1−1

1 < 0, i.e., γ1 > ε1(ε1 −
1)(ϑ1 − mv)κ1𭟋ε1−2

1 + κ1ε1𭟋ε1−1
1 .

Algorithm 2: Algorithm to find the global solution for the manufacturer in VN
method

Step 1. Give all parameter’s values and set the loop counter.
Step 2. Set the initial value ϑ1 = 1, κ = 0.2, 𭟋1 = 0.2, ϱ1 = 0.2, 𭟋2 = 0.6, and ϱ2 = 0.6.
Step 3. Evaluate ϑ∗

1 from Equation (27),utilizing the values of Step 2.
Step 4. Evaluate κ∗ from Equation (28),utilizing the values of Step 3.
Step 5. Evaluate 𭟋∗

1 from Equation (29),utilizing the values of Step 4.
Step 6. Evaluate ϱ∗1 from Equation (30),utilizing the values of Step 5.
Step 7. Evaluate 𭟋∗

2 from Equation (31),utilizing the values of Step 6.
Step 8. Evaluate ϱ∗2 from Equation (32),utilizing the values of Step 7.
Step 9. Set the all above-proposed steps utilizing the amended values of ϑ∗

1 , κ∗,
𭟋∗

1 , ϱ∗1 , 𭟋∗
2 , and ϱ∗2 . Repeat this method until the values of ϑ∗

1 , κ∗, 𭟋∗
1 , ϱ∗1 ,

𭟋∗
2 , and ϱ∗2 stay unchanged.

Step 10. Calculate the total profit of the manufacturer by putting the values of ϑ∗
1 , κ∗,

𭟋∗
1 , ϱ∗1 , 𭟋∗

2 , and ϱ∗2 , into the equation (15). This is the optimal profit and
ϑ∗

1 , κ∗, 𭟋∗
1 , ϱ∗1 , 𭟋∗

2 , and ϱ∗2 , are the optimal solution.
Step 11. Stop.

The optimum values of decision variables of the retailer (Equation (15)) are given by

ϑ∗
2 =

υhϑ1 + υrv + cκ + ζϑ1 + τς + κ2𭟋ε2
2 + κ3𭟋ε3

3 + aσ

2υ
(33)

ς∗ =
τ(ϑ2 − hϑ1 − rv)

ν
(34)

𭟋∗
3 =

[
ε3κ3(ϑ2 − hϑ1 − rv)

γ3

] 1
2−ε3

(35)

ϱ∗3 =

[
ϖ3λ3(ϑ2 − hϑ1 − rv)

χ3

] 1
2−ϖ3

. (36)

The global maximum profit of the retailer in Equation (15) is established by Theorem 3
supported by Propositions 3 and 4. Algorithm 3 is used to find the numerical solutions of
Equation (15) in VN method.
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Theorem 3. The global maximum is achieved for Equation (15) if the principal minors of the
Hessian matrix of order 4× 4 have an alternating sign. That is, the decision variables ϑ2, ς, 𭟋3, and
ϱ3 for the retailer and the principal minors |H1×1| < 0, |H2×2| > 0, |H3×3| < 0, and |H4×4| > 0
have alternating signs.

Proof. See Appendix C.2.

Proposition 3. −γ3 + ε3κ3(ε3 − 1)(ϑ2 − hϑ1 − rv)𭟋ε3−2
3 < 0, i.e., γ3 > ε3κ3(ε3 − 1)(ϑ2 −

hϑ1 − rv)𭟋ε3−2
3 .

Proposition 4. −γ3 + ε3κ3(ε3 − 1)(ϑ2 − hϑ1 − rv)𭟋ε3−2
3 + ε3κ3𭟋ε3−1

3 < 0, i.e., γ3 >

ε3κ3(ε3 − 1)(ϑ2 − hϑ1 − rv)𭟋ε3−2
3 + ε3κ3𭟋ε3−1

3 .

Algorithm 3: Algorithm to find the global solution for the retailer in VN method.

Step 1. Give all parameter’s values and set the loop counter.
Step 2. Set the initial value ϑ2 = 1, ς = 0.2, 𭟋3 = 0.5, and ϱ3 = 0.5.
Step 3. Evaluate ϑ∗

2 from Equation (33),utilizing the values of Step 2.
Step 4. Evaluate ς∗ from Equation (34),utilizing the values of Step 3.
Step 5. Evaluate 𭟋∗

3 from Equation (35),utilizing the values of Step 4.
Step 6. Evaluate ϱ∗3 from Equation (36),utilizing the values of Step 5.
Step 7. Set all the above-proposed steps utilizing the amended values of ϑ∗

2 , ς∗, 𭟋∗
3 ,

and ϱ∗3 . Repeat this method until the values of ϑ∗
2 , ς∗, 𭟋∗

3 , and ϱ∗3 stay
unchanged.

Step 8. Calculate the total profit of the retailer by substituting the values of ϑ∗
2 , ς∗,

𭟋∗
3 , and ϱ∗3 into Equation (8). This is the optimal profit, and ϑ∗

2 , ς∗, 𭟋∗
3 , and ϱ∗3

represent the optimal solution.
Step 9. Stop.

5.3. Comparison Between CP and VN Methods

Comparing the VN method with the CP method enhances an understanding of how
these decision-making structures can affect the supply chain’s performance. The VN method,
therefore, captures a close approximation of some real-life situations wherein the manufacturer
and the retailer act independently and optimize their own profits in light of issues such as
channel conflict, inefficiency, and competition. On the opposite end, the CP method examines
an ideal coordinated scenario whereby decisions are jointly maximizing for the total profit of
the system. Thus, a strong push for comparison will be provided to starkly indicate the effect
of cooperation versus self-interest, the performance gaps that arise, and ways to bridge these
gaps for better coordination and hence supply chain efficiency. Through a comparative study,
it is found that the CP method is best for this study.

6. Numerical Analysis
To validate the model numerically, the following numerical experiment has been

performed, and the input values of parameters are taken from the literature [60] at their
best fit. The input parameters are as follows: h = 0.81; σ = 0.8; a = 900 units; υ = 12.27;
ζ = 10; τ = 1.5; c = 2; ν = $20; γ1 = $32; γ3 = $28; ψ = $20; γ2 = $22; χ1 = $20;
χ2 = $28; χ3 = $22; rv = $2.6/unit; r f = $2.8; mv = $2.6/unit; m f = $2.9; κ1 = 2; κ2 = 2;
κ3 = 5; λ1 = 3; λ2 = 2; λ3 = 3; ε1 = 0.8; ε2 = 0.7; ε3 = 0.6; ϖ1 = 0.7; ϖ2 = 0.8; ϖ3 = 0.7.
For the VN method in retailer’s case, 𭟋2 = 3.603 and ϱ2 = 3.665. For the manufacturer’s
case in the VN method, ϑ2 = 119.33 ($/unit), 𭟋3 = 2.35, ς = 2.32, and ϱ3 = 2.30.

The optimal results are obtained using those parametric values in Matlab R2025a. The
computational time to obtain the results in MATLAB 12 was less than 5 seconds. In this
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result, the tolerance is zero because for the iteration, the value of the nth step and (n + 1)th

step are the same for some positive integer p, where n > p. The optimum values of the
decision variables and the total profit are given in Table 3. The highest profit is obtained
with the CP method followed by the VN method. A graph showing concavity in response
to different decision variables across several scenarios is shown in Figure 3.

Table 3. Optimum results of the problem.

Descriptions Decision Variables CP Method VN Method

Offline selling price ϑ2 ($/unit) 126.07 ($/unit) 117.81 ($/unit)
Online selling price ϑ1 ($/unit) 111.85 ($/unit) 105.9 ($/unit)
Green innovation κ 23.01 18.65
Advertisement ς 9.06 2.32
Cybersecurity online 𭟋1 4.12 3.93
Cybersecurity offline 𭟋2 4.8 3.6
Cybersecurity of retailer 𭟋3 6.23 2.35
Customized product design
online ϱ1 6.53 6.26

Customized product design
offline ϱ2 5.01 3.67

Customized product design
for retailer ϱ3 6.56 2.3

Total profit

Retailer’s profit Π∗
R ($) − 11,565.56 ($)

Manufacturer’s profit Π∗
M ($) − 40,372.77 ($)

SCN’s profit Π∗
SC ($) 53,165.67 ($) −

(a) (b)

Figure 3. Three-dimensional concavity curves for global maximum of the profit function with respect
to the decision variables: (a) with respect to offline customized product of the manufacture (ϱ1) and
online price (ϑ1), where the evaluated range is 5.48–5.52 for ϱ1 and 111.65–112.05 for ϑ1 (CP method);
(b) with respect to level of advertisement (ς) and retail price (ϑ2), where the evaluated range is
5.48–5.52 for ς and 125.87–126.27 for ϑ2 (VN method).

6.1. Discussion of Results

The results are discussed in detail in the following subsections.

6.1.1. Example for CP Method

In the CP problem, the total profit and optimum values of decision variables are
Π∗

SC = $53,165.67, ϑ2 = $126.07/unit, ϑ1 = $111.85/unit, κ = 23.01, ς = 5.62, 𭟋1 = 4.19,
𭟋2 = 4.8, 𭟋3 = 6.23, ϱ1 = 6.53, ϱ2 = 5.01, and ϱ3 = 6.56. The selling price of the customized
products in the online channel is less than that of the offline channel, i.e., ϑ2 > ϑ1. As
for involvement in customized product design, the retailer involvement is more than
the manufacturer’s online channel followed by the manufacturer’s offline channel, i.e.,
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ϱ3 > ϱ1 > ϱ2. As the majority of the total demand (80%) chooses the offline retail store, the
retailer’s involvement for customized product design engages on the basis of customers’
satisfaction or service. In the case of cybersecurity, all SCN members’ involvement is more
than 40%, but the offline channel requires more security than the online channel. For the
online channel, customers do not carry cash and thus, the manufacturer does not require
high security for transferring money from the store to the bank. This transportation is much
riskier than cashless transaction. Because of that, the retailer is in a riskier position than
the manufacturer; thus, the retailer’s involvement in cybersecurity is the highest. As the
retailer already takes precautionary measures for cybersecurity, the manufacturer’s offline
channel is less than the retailer but higher than the online channel, i.e., 𭟋3 > 𭟋2 > 𭟋1.
Green innovation level of the manufacturer is 0.23% and the advertisement level of the
retailer is 0.56%.

6.1.2. Example for VN Method

For the VN method, the manufacturer’s profit is $40,372.77. The selling price of the
customized product in the online channel is 105.9 ($/unit). Then, the wholesale price of the
manufacturer is 85.78 ($/unit). The green innovation level of the manufacturer is 0.187%.
For cybersecurity, the level of engagement of the manufacturer is 0.039%, which is more in
the online channel than the offline channel 0.036%, i.e., 𭟋1 > 𭟋2. For customized product
design, the manufacturer’s engagement online is 0.0626% and the engagement offline is
0.0367%, i.e., ϱ1 > ϱ2.

The retailer’s profit is $11,565.56, and the product design engagement is 0.023%. The
cybersecurity level is 0.0235%, advertisement level is 0.0232%, and the selling price is 117.81
($/unit). The profitability is displayed in Table 3. The manufacturer’s profit is more than the
retailer’s. The retailer’s engagement is less than the manufacturer’s in product design as well
as cybersecurity level. In the case of VN, the cybersecurity level is more in the online channel
than in the offline channel. Even for the offline channel, the manufacturer’s engagement in
cybersecurity is more than the retailer. That is, the retailer’s cybersecurity level is the least
among all channels. A concise executive summary of the result is given in Table 4.

Table 4. Comparative discussion between CP and VN methods.

Descriptions CP Method VN Method Discussions

Profit $53,165.67 (SCN) $11,565.56 (retailer) and $40,372.77
(manufacturer)

In comparison, the total profit in the
VN method is less than the profit in
the CP method. Hence, the centralized
scenario is the best.

Selling Price The offline and online selling prices
are $126.07/unit and $111.85/unit.

The offline and online selling prices
are $117.81/unit and $105.9/unit.

Both offline and online prices in the CP
method are greater than the prices in
the VN method. This is because green
innovation, advertisement,
cybersecurity, and customized product
engagement in the CP method are
more than VN method. As a result, the
maximum profit is obtained in the CP
method.

Strategy Retailer and manufacturer take
decisions collaboratively.

Retailer and manufacture take decision
independently.

Industry manager can choose any type
of strategy based on the business
policy.

Managerial Insights CP has higher profit with high value of
decisions.

VN has lower profit with lesser value
of decisions than CP.

The difference between profits of CP
and VN method is less. Thus, industry
managers should prioritize the CP
method to run a business with more
profit. If any SCN player wants to
continue independently, the manager
can use the VN strategy.
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6.2. Special Cases

A few special cases are discussed for different circumstances. The results of the Special
Cases I, II, and III are shown in Table 5 and Special Cases IV, V, VI, and VII are shown
in Table 6. The analyses of parameters are categorized in two ways: constructive param-
eters and non-constructive parameters. Constructive parameters are discussed in detail
within each of the special cases. Non-constructive parametric changes are summarized in
Tables 7 and 8.

I. Constructive Parameter Discussions for Special Cases

6.2.1. Special Case I: Without Green Innovation

Under the same parameters, without green innovation, the overall profit for the CP
method is Π∗

SC = $48,357.13, and the optimal results in this scenario are ϑ2 = $115.47/unit,
ϑ1 = $101.29/unit, ς = $8.27, 𭟋1 = $3.78, 𭟋2 = $4.48, 𭟋3 = $5.83, ϱ1 = $6.04, ϱ2 = $4.64, and
ϱ3 = $6.11. The profit in the CP method is 10.76% less than the original profit. For the
VN method, the manufacturer’s profit is Π∗

M = $37,172.06, which is 7.93% less than the
total profit of the manufacturer. The retailer’s profit is Π∗

R = $10,409.09, which is 10% less
than the original retailer’s profit. This result demonstrates that without considering green
innovation, the profit of SC decreases the most with respect to the original result, followed
by the retailer and manufacturer. Therefore, the green innovation strategy is more profitable
than not using it as a retailing strategy, especially for the CP method. As for the issue
of long-term sustainability, this effect is not discussed in this manuscript. The following
provides some analyses of constructive parameters and their range of convergence.

• For the CP method, the value of parameter a (base demand) has a lower limit of
21 units; that is, the minimum base demand for the customized product cannot be
less than 21 units when there is no green innovation. If the base demand is less than
21 units, then the SCN incurs a loss, which belongs to both of the SC players. Hence,
the industrial manager should focus on the base demand so that it is not less than
21 units in the case of no green innovation.

• The value of parameter υ (scaling parameter for selling price) has lower and upper lim-
its of 10.49 and 98.91, respectively. For an υ value of 98.91 or more, the advertisement
level decision variable becomes negative, and the profit becomes almost zero. For an
υ value of 10.49, the online selling price is $430. For a value of υ either higher or lower
than this, the online selling price increases excessively; all other decision variables
and profit increase simultaneously. In reality, customers are not interested in buying a
product for a high retail price. According to the real-life situation, a lower limit has
been assigned for customer satisfaction. Hence, the industrial manager should focus
on the parameter υ.

• The values of the parameters ζ (scaling parameter for selling price of the other channel)
and τ (scaling parameter for advertisement in demand) have an upper limits 11.91 and
11.61, respectively. For a ζ value 11.91, the online selling price is $272.78, but for larger
increases in ζ, the retail price increases suddenly and excessively. For a τ value of 11.61,
the online selling price and the advertisement level decision variable are $341.54 and $412,
respectively, but for larger increases in the value of τ, the retail price and advertisement
level decision variable increase excessively, imparting an effect upon the business. Hence,
this is an important consideration for industrial managers.

• For the retailer in the VN method, the values of the parameters υ, ζ, and τ have upper
limits of 20.1, 49.99, and 21.7, respectively. For a τ value of 21.7, the values of the retail
price and the advertisement level decision variable (>$800 and $847.23, respectively)
become excessively high. For an υ value of 20.1 or more, the advertisement and
customized product design decision variables become negative, and the profit becomes
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less than $4.81. For a ζ value of 20.1, the retail price becomes $261.78, but for larger
increases in the value of ζ, the retail price increases suddenly and excessively. On
the other hand, the investment in advertisement, customized product, cybersecurity,
and profit decrease simultaneously. Hence, industrial managers should focus on the
condition of these parameters.

• For the manufacturer in the VN method, the value of parameter υ (scaling parameter
for selling price) has lower and upper limits of 10.2 and 83, respectively. The value of
parameter a (base demand) has a lower limit of 51 units. If the base demand is less
than 51 units, then the business incurs a loss. Hence, industrial managers should focus
on the base demand. That is, when the manufacturer maximizes its profit with its own
decisions, the minimum base demand is 51 units, which is more than the CP method.

• The values of parameters ζ (scaling parameter for selling price of the other channel) and
τ (scaling parameter for advertisement on demand) have the upper limits 12.21 and
13.98, respectively. For a τ value of 13.98 or more, the value of the online price and the
advertisement decision variable (>721.34 and $754.57) become excessively high.

• For an υ value of 83 or more, the advertisement and customized product design
decision variable become negative, and profit becomes almost zero. For an υ value
of 10.2, the online selling price is $468.95. For higher or lower υ values, the online
selling price increases excessively; all other decision variables and profit also increase
suddenly. In reality, customers will not be interested in buying a product for a high
retail price. According to the real-life situation, a lower limit has been assigned for
customer satisfaction.

• For a ζ value of 12.21, the retail price becomes $332.02, but for larger increases in the
value of ζ, the retail price increases excessively. Hence, the industrial manager should
analyze those parameters properly.

Table 5. Results of Special Cases I (no green innovation), II (no advertisement), and III (no cybersecurity).

Special Case I Special Case II Special Case III

Decision
Variables

CP
Method

VN
Method

CP
Method

VN
Method

CP
Method

VN
Method

ϑ2 ($/unit) 115.47 110.99 124.22 118.87 123.60 118.07
ϑ1 ($/unit) 101.29 97.55 110.3 105.52 109.69 104.7

κ − − 22.67 18.78 22.56 18.42
ς 8.27 2.2 − − 8.88 2.3
𭟋1 3.78 3.66 4.07 3.92 − −
𭟋2 4.48 3.38 4.75 3.59 − −
𭟋3 5.83 2.27 6.16 2.34 − −
ϱ1 6.04 5.86 6.46 6.23 6.43 6.2
ϱ2 4.64 3.42 4.94 3.65 4.92 3.62
ϱ3 6.11 2.21 6.48 2.29 6.46 2.28

Total Profit

Π∗
R ($) − 10,409.84 − 10,506.2 − 11,433.02

Π∗
M ($) − 37,034.72 − 40,075.31 − 39,815.83

Π∗
SC ($) 48,357.13 − 52,356.46 − 52,105.58 −

−: Not specified.

6.2.2. Special Case II: Without Advertisement

Without advertisement effort and investment, the total profit for the CP method is
Π∗

SC = $52,356.46 and the optimal results are ϑ2 = $124.22/unit, ϑ1 = $110.3/unit, κ = 22.67,
𭟋1 = 4.07, 𭟋2 = 4.75, 𭟋3 = 6.16, ϱ1 = 6.46, ϱ2 = 4.94, and ϱ3 = 6.48. This profit is 1.52% less
than the original profit. For the VN method, the retailer’s profit is Π∗

R = $10,506.2, which is
9.16% less than the original profit. The manufacturer’s profit is Π∗

M = $40,075.31, which is
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0.74% less than the original profit. The results find that the decentralized case faces more
loss when there is no advertisement, and the retailer faces the most loss. The manufacturer
faces the least loss when the manufacturer does not use advertisement. A wide analysis of
the parameter’s range is given below.

• For the CP method, the value of the parameter υ (scaling parameter for selling price)
has lower and upper limits of 10.71 and 98.54, respectively. For an υ value of 98.54
or more, the advertisement level decision variable becomes negative, and the profit
becomes negligible. For an υ value of 10.71, the online selling price is $431.15. For
higher or lower values of υ, the online selling price increases excessively; all other
decision variables and profit increase simultaneously. In reality, customers are not
interested in buying a product for a high retail price. Hence, the industrial manager
should focus on the parameter υ.

• The value of the parameter a (base demand) has a lower limit of 20 units in the CP
method. If the base demand is less than 20 units, then the business operates at a loss
when there is no advertisement for the product. This limit is less than Case I, that is,
when there is no green innovation. This implies that when the retailer does not invest
in advertising, the base demand can go down than with no green innovation.

• The value of the scaling parameter for green innovation c and the scaling parameter
for the selling price of the other channel ζ have the upper limits 6.1 and 11.6, respec-
tively. For c and ζ values of 6.1 and 11.6, the online selling prices are $338.35 and
$361.54, respectively, but for larger increases in the values of c and ζ, the retail prices
simultaneously increase excessively. Hence, the industrial manager should focus on
the condition of these parameters.

• For the retailer in the VN method, the value of parameters υ (scaling parameter for
selling price), c (scaling parameter for green innovation), and ζ (scaling parameter
for selling price of the other channel) have the upper limits 20.13, 168.91, and 11.19,
respectively. For a c value of 168.91 or more, the value of the retail price (>$793)
becomes excessively high. For an υ value of 20.13 or more, the green innovation
and customized product design decision variable becomes negative, and the profit
becomes less than $6.35. For a ζ value of 11.19, the retail price becomes $282.76, but
for larger increases in the value ζ, the retail price increases suddenly and excessively.
Hence, industrial managers should focus on the condition of these parameters.

• For the manufacturer in the VN method, the value of the scaling parameter for the
selling price υ has lower and upper limits 10.42 and 83, respectively. For an υ value
of 83 or more, the advertisement and customized product design decision variable
become negative, and the profit is negligible. For an υ value of 10.42, the online selling
price is $422.19. For higher or lower values of υ, the online selling price increases
excessively; all other decision variables and profit also increase simultaneously. In
reality, customers will not be interested in buying a product for a high retail price.
According to the real-life situation, the lower limit has been assigned for customer
satisfaction. Hence, the industrial manager should focus on the parameter υ.

• The value of the base demand a has a lower limit of 49 units. If the base demand is less
than 49 units, then the business operates at a loss. That is, when each SC player decides
their decision separately in the scenario without advertisement, the base demand is
less than in Case I. No green innovation scenario has more base demand than the no
advertisement scenario.

• The value of the scaling parameter for green innovation c and the scaling parameter
for the selling price of the other channel ζ have the upper limits 6.99 and 11.19,
respectively. For c and ζ values of and 6.99 and 11.19, the online selling prices are
$338.35 and $361.54, respectively, but for larger increases in the values of c and ζ, the
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retail price increases excessively and suddenly. Hence, industrial managers should
focus on the condition of these parameters.

6.2.3. Special Case III: Without Cybersecurity

Without cybersecurity, the total profit for the CP method is Π∗
SC = $52,105.58, and the

optimal results in this scenario are ϑ2 = $123.69/unit, ϑ1 = $109.69/unit, κ = 22.56, ς = 8.88,
ϱ1 = 6.43, ϱ2 = 4.92, and ϱ3 = 6.46. This profit without cybersecurity is 1.99% less than the
original profit. For the VN method, the total profit of the retailer is Π∗

R = $11,433.02. The
retailer’s profit without cybersecurity is 1.15% less than the original profit of the retailer.
The manufacturer’s profit is Π∗

M = $39,815.83. It is 1.38% less than the original profit of the
manufacturer. Based on this result, it can be determined that the profit of the CP method
is more affected by the absence of cybersecurity than the decentralized policy. For the
decentralized policy, the manufacturer faces more loss than the retailer. Therefore, the
cybersecurity strategy is a good retailing strategy for all supply chain members. The ranges
of different parameters are

• For the CP method, the value of the scaling parameter for the selling price υ has lower
and upper limits of 10.4 and 99.3, respectively. For an υ value of 99.3 or more, the
advertisement level decision variable becomes negative, and the profit is negligible.
For an υ value of 10.4, the online selling price is $430.65. For higher or lower values of
υ, the online selling price increases excessively; all other decision variables and profit
increase suddenly. Hence, industrial managers should focus on the parameter υ.

• The value of the base demand a has a lower limit of 11 units. If the base demand is less
than 21, then the business incurs a loss. Hence, industrial managers should focus on
the base demand. The values of the parameters τ (scaling parameter for advertisement
in demand), c (scaling parameter for green innovation), and ζ (scaling parameter for
selling price of the other channel) have the upper limits 11.1, 6, and 11.6, respectively.

• For a c value of 6, the online selling price and green level decision variable are $361.49
and $832.25, but for greater increases in the value c, the retail price and green level
decision variable increase suddenly and excessively . For a ζ value of 11.1, the online
selling price is $363.48, but for larger increases in the value ζ, the retail price increases
suddenly and excessively. For a τ value of 11.6, the online selling price and the
advertisement level decision variable are $345.87 and $461.63, respectively, but for
larger increases in the value τ, the retail price and advertisement level decision variable
increase excessively, imparting an effect upon business. Hence, this is an important
consideration for industrial managers.

• For the retailer VN method, the value of parameters υ (scaling parameter for selling
price), τ (scaling parameter for advertisement in demand), c (scaling parameter for
green innovation), and ζ (scaling parameter for selling price of the other channel) have
the upper limits 20.34, 21.69, 171.01, and 11.18, respectively. For an υ value of 20.34
or more, the advertisement level decision variable becomes negative, and the profit
becomes less than $5.55. For a ζ value of 11.18, the retail price becomes $286.76, but
for larger increases in the value ζ, the retail price increases suddenly and excessively.
For a τ value of 21.69 or more, the investment in advertisement and the selling price
become minimum values of $818.85 and $843.42, respectively.

• For a c value of 171.01 units or more in the CP method, the values of the retail price
and green innovation investment have become minimum values of $796 and $813.
This implies that the base demand is feasible at 171.01 units, but the price and green
innovation will become high. Thus, when there is no cybersecurity, the base demand
is higher than in Cases I and II, but it should not be more than 171.01 units.
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• For the manufacturer in the VN method, the value of the parameter υ (scaling param-
eter for selling price) has lower and upper limits of 10.4 and 83.6, respectively. For
an υ value of 83.6 or more, the advertisement level decision variable becomes negative,
and the profit is also near zero. For an υ value of 10.4, the online selling price is $457.90.
For higher or lower values of υ, the online selling price increases excessively, all other
decision variables and profit increase suddenly.

• The values of the parameters τ, c, and ζ have upper limits of 13.75, 6.2, and 11.9,
respectively. For a ζ value of 11.9, the retail price becomes $328.56, but for larger
increases in the value ζ, the retail price increases excessively. For a c value of 6.2 or more,
the values of the online price and the green level decision variable (>822.57 and $897.46)
become excessively high. For a τ value of 13.75 or more, the value of the online price
and the advertisement level decision variable (>712.56 and $735.56) become excessively
high.

• The value of the base demand parameter a has a lower limit of 43 units in the VN
method. If the base demand is less than 43 units, then the business operates at a
loss. That is, decentralized decision-making has less value for the base demand of
the manufacturer’s case than the retailer’s case. Hence, the effect of the retailer’s
decision-making is more sensitive in the decentralized scenario without cybersecurity.

6.2.4. Special Case IV: Without Customized Product Design

Without customized product design, the total profit in the CP method is Π∗
SC = $51,928.84

and the profit is 2.33% less the original profit in the CP method. For the VN method, the
retailer’s profit is Π∗

R = $11,414.63 which is 1.28% less than the original profit of the retailer.
The manufacturer’s profit Π∗

M = $39,627.19 is 1.85% less than the original manufacturer’s
profit. It is found that the pattern of effect on supply chain members is similar to Special
Case III, that is, no product design affects the centralized SCN than the decentralized policy.
Ranges for some parameters are discussed below. The nature of all constrictive parameters
are explained in this part.

• For the CP method, the value of the parameter υ has lower and upper limits of 10.7 and
99.5, respectively. For an υ value of 99.5 or more, the advertisement and customized
product design decision variable become negative, and the profit becomes negligible.
For an υ value of 10.7, the online selling price is $431.49. For higher or lower values
of υ, the online selling price increases excessively; all other decision variables and
profit also increase simultaneously. Hence, industrial managers should focus on the
parameter υ.

• The value of the base parameter a has a lower limit of 14 units. If the base demand is
less than 14, then the business operates at a loss. Hence, industrial managers should
focus on the base demand. This scenario has a lower base demand than Cases, I, II, and
III. Thus, when there is no customized product design for SCN, the market situation is
more sensitive than without green innovation, cybersecurity, or advertisement.

• The values of parameters τ, c, and ζ have upper limits of 11.14, 6.12, and 11.61, respec-
tively. For a c value of 6.12, the online selling price and green level decision variable
are $359.53 and $835.72, but for larger increases in the value c, the retail price and green
level decision variable increase suddenly and excessively. For a ζ value of 11.14, the
online selling price is $358.76, but for larger increases in the value ζ, the retail price
increases suddenly and excessively. For a τ value of 11.61, the online selling price and the
advertisement level decision variable are $341.71 and $462.64, respectively, but for larger
increases in the value τ, the retail price and the advertisement level decision variable
increase excessively, imparting an effect upon the business.
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• For the retailer in the VN method, the values of the parameters υ, τ, c, and ζ have upper
limits of 20.33, 21.64, 171.21, and 11.18, respectively. For a c value of 171.21 or more,
the values of the retail price and green innovation investment have become minimum
values $761.56 and $801.26. For an υ value of 20.33 or more, the advertisement level
decision variable becomes negative, and the profit becomes less than $6.02.

• For a ζ value of 11.18, the retail price becomes $287.91, but for larger increases in the
value ζ, the retail price suddenly increases excessively. For a τ value of 21.64 or more,
the investment in advertisement and the selling price have become minimum values of
$814.36 and $837.31, respectively.

• For the manufacturer, the value of parameter υ has lower and upper limits of 10.21 and
83.73, respectively. For an υ value of 83.73 or more, the advertisement level decision
variable becomes negative, and profit becomes almost zero. For an υ value of 10.21, the
online selling price is $419.64. For higher or lower values of υ, the online selling price
increases excessively, all other decision variables and profit also increase suddenly.

• The values of the parameters τ, c, and ζ has upper limits of 13.72, 6.31, and 12,
respectively. For a ζ value of 12, the retail price becomes $317.57, but for larger
increases in the value ζ, the retail price increases excessively. For a c value of 6.31
or more, the value of the online price and the green level decision variable (>803.46
and $853.07) become excessively high. For a τ value of 13.72 or more, the value of
the online price and the advertisement level decision variable (>689.25 and $699.79)
become excessively high.

• The value of the base demand parameter a has a lower limit of 46 units. If the base
demand is less than 46, then the business incurs a loss. Thus, when the manufacturer
makes a decision, the minimum base demand should not be more than 46 units. Hence,
industrial managers should focus on the behavior of these parameters.

Table 6. Table for Special Cases IV (no customized product design), V (no customized product design
by the retailer), VI (no customized product design in online channel by the manufacturer), and VII
(no customized product design by the manufacturer (offline)).

Special Case IV Special Case V Special Case VI Special Case VII

Decision
Variables CP Method VN

Method CP Method VN
Method CP Method VN

Method CP Method VN
Method

ϑ2 ($/unit) 123.32 117.69 124.94 119.02 125.35 188.48 125.35 118.85
ϑ1 ($/unit) 109.22 104.22 110.91 105.64 110.74 104.86 111.24 105.5

κ 22.47 18.34 22.81 18.6 22.81 18.46 22.88 18.58
ς 8.86 2.3 8.98 2.31 9 2.32 9.01 2.31
𭟋1 4.03 3.8 4.09 3.92 4.08 3.9 4.01 3.92
𭟋2 4.71 3.56 4.77 3.6 4.77 3.58 4.78 3.6
𭟋3 6.13 2.34 6.19 2.35 6.2 2.35 6.2 2.35
ϱ1 − − 6.49 6.24 − − 6.5 6.24
ϱ2 − − 4.97 3.66 4.97 3.63 − −
ϱ3 − − − − 6.52 2.3 6.53 2.29

Total Profit

Π∗
R ($) − 11,545.2 − 11,546.46 − 11,549.95 − 11,565.44

Π∗
M ($) − 39,627.19 − 40,169.51 − 39,713.87 − 40,247.33

Π∗
SC ($) 51,928.84 − 52,653.33 − 52,705.45 − 52,883.26 −

−: Not specified.

6.2.5. Special Case V: Without Customized Product Design by the Retailer in Offline
Channel

Without customized product design by the retailer in the offline channel only, the
overall profit for the CP method is Π∗

SC = $52,653.33. The profit is 0.96% less than the
original profit of the SCN in the CP method. For the VN method, the retailer’s profit
is Π∗

R = $11,546.46. The retailer faces a 0.17% loss compared to the original profit. The
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manufacturer has a profit of Π∗
M = $40,169.51, which is 0.5% less than the original profit

in the VN method. Even if the retailer is not the only supply chain member who does not
invest in the product design, the retailer is the least loss-facing member. Other members pay
for the product design. However, the CP method faces the most loss among all methods.
Associated ranges of the parameters are given below.

• For the CP method, the value of the parameter υ has lower and upper limits of 10.7 and
98.6, respectively. For an υ value of 98.54 or more, the advertisement and customized
product design decision variable become negative, and the profit is approximately
zero. For an υ value of 10.71, the online selling price is $431.57. For higher or lower
values of υ, the online selling price increases excessively; all other decision variables
and profit increase simultaneously. Hence, industrial managers should focus on the
parameter υ.

• The value of the base demand parameter a has a lower limit of 18 units. If the base
demand is less than 18, then the business operates at a loss in the CP method. Thus,
the SCN players should consider the minimum base demand of 18 units when there
is no customized product design by the retailer. Hence, industrial managers should
focus on the base demand.

• The values of parameters ζ, c, and τ have upper limits of 11.6, 6.01, and 10.99, respec-
tively. For a c value of 6.01, the online selling price and green level decision variable
are $355.82 and $833.23, but for larger increases in the value of c, the retail prices and
green level decision variable increase suddenly and excessively. For a ζ value of 10.99,
the online selling prices are $356.61, but for greater increases in the value ζ, the retail
prices increase suddenly and excessively.

• For a τ value of 11.6, the online selling price and the advertisement level decision
variable are $339.09 and $459.59, respectively, but for larger increases in the value τ, the
retail price and advertisement level decision variable increase excessively, imparting
an effect upon the business. Hence, this is important for industrial managers.

• For the retailer in the VN method, the values of the parameters υ, τ, c, and ζ have upper
limits of 20.06, 21.69, 171.01, and 11.05, respectively. For a c value of 171.01 or more,
the value of the retail price and green innovation investment have become minimum
values of $791.45 and $808.93. For an υ value of 20.06 or more, the advertisement level
decision variable becomes negative and profit becomes less than $5.55.

• For a ζ value of 11.05, the retail price becomes $273.67, but for much greater increases
in the value ζ, the retail price suddenly increases excessively. For a τ value of 21.69
or more, the investment in advertisement and selling prices has become a minimum
of $816.38 and $842.92, respectively. Hence, industrial managers should focus on the
condition of these parameters.

• For the manufacturer in the VN method, the values of parameters υ have lower and
upper limits of 10.4 and 83.96, respectively. For an υ value of 83.96 or more, the
advertisement and customized product design decision variable become negative, and
the profit is also near zero. For an υ value of 10.4, the online selling price is $422.24.
For higher or lower values of υ, the online selling price increases excessively; all other
decision variables and profit also increase simultaneously. Hence, industrial managers
should focus on the parameter υ.

• The value of the base demand parameter a has a lower limit of 46 units. If the base
demand is less than 46 units, then the business operates at a loss. Hence, industrial
managers should focus on the base demand. The values of the parameters ζ, c, and τ

have upper limits of 11.97, 6.2, and 13.79, respectively.
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Table 7. Comparative discussions for non-constructive parameters in Special Cases I, II, III, and IV.

Parameters
Original Values
in CP and VN
Methods

CP Method VN Method (Retailer) VN Method (Manufacturer)

(Parameters and
Corresponding
Decision
Variables)

+9900% Changes
in Profit the
Corresponding
Decision
Variables

−99% Changes in
Profit and the
Corresponding
Decision
Variables

+9900%
Changes in
Profit the
Corresponding
Decision
Variables

−99% Changes
in Profit and
the
Corresponding
Decision
Variables

+9900%
Changes in
Profit the
Corresponding
Decision
Variables

−99%
Changes in
Profit and the
Correspond-
ing Decision
Variables

Special Case I

γ1
γ1 = 32, 𭟋1 = 3.78
and 3.66

−0.67% and 𭟋1 =
0.08

+16.62% and 𭟋1 =
199.82 − − −0.83% and 𭟋1

= 0.8
+20.76% and
𭟋1 = 193.23

γ2
γ2 = 22, 𭟋2 = 4.8
and 3.38

−0.77% and 𭟋2 =
0.13

+9.79% and 𭟋2 =
163.45 − − −0.6% and 𭟋2 =

0.1
+1.81% and
𭟋2 = 121.68

γ3
γ3 = 28, 𭟋3 = 5.83
and 2.27

−1.96% and 𭟋3 =
0.21

+15.34% and 𭟋3 =
168.33

−1.4% and 𭟋3 =
0.08

+10.72% and
𭟋3 = 64.04 − −

χ1
χ1 = 20, ϱ1 = 6.04
and 5.86

−1.23% and ϱ1 =
0.17

+17.21% and ϱ1 =
233.88 − − −1.6% and ϱ1 =

0.17
+21.58% and
ϱ1 = 226.89

χ2
χ2 = 28, ϱ2 = 4.64
and 3.42

−0.88% and ϱ2 =
0.1

+22.06% and ϱ2 =
246.99 − − −0.66% and ϱ2

= 0.07
+15.87% and
ϱ2 = 175.2

χ3
χ3 = 28, ϱ3 = 4.64
and 3.42

−1.42% and ϱ3 =
0.18

+19.19% and ϱ3 =
234.28

−0.92% and ϱ3
= 0.07

+11.39% and ϱ3
= 81.31 − −

ν ν = 20, ς = 8.27
and 2.2

−1.38% and ς =
0.08

+36.84% and ς =
226.72

−0.47% and ς =
0.02

+9.98% and ς =
48.38 − −

Special Case II

γ1
γ1 = 32, 𭟋1 = 3.78
and 3.66

−0.7% and 𭟋1 =
0.09

+18.02% and 𭟋1 =
216.31 − − −0.84% and 𭟋1

= 0.8
+21.09% and
𭟋1 = 208.25

γ2
γ2 = 22, 𭟋2 = 4.8
and 3.38

−0.8% and 𭟋2 =
0.14

+11.84% and 𭟋2 =
173.71 − − −0.68% and 𭟋2

= 0.1
+1.93% and
𭟋2 = 129.75

γ3
γ3 = 28, 𭟋3 = 5.83
and 2.27

−1.99% and 𭟋3 =
0.22

+15.51% and 𭟋3 =
178.13

−1.57% and 𭟋3
= 0.09

+10.84% and
𭟋3 = 66.28 − −

χ1
χ1 = 20, ϱ1 = 6.04
and 5.86

−1.3% and ϱ1 =
0.18

+17.68% and ϱ1 =
251.2 − − −1.6% and ϱ1 =

0.18
+22.89% and
ϱ1 = 242.71

χ2
χ2 = 28, ϱ2 = 4.64
and 3.42

−0.91% and ϱ2 =
0.11

+22.69% and ϱ2 =
264.98 − − −0.71% and ϱ2

= 0.08
+16.11% and
ϱ2 = 188.47

χ3
χ3 = 28, ϱ3 = 4.64
and 3.42

−1.61% and ϱ3 =
0.18

+20.21% and ϱ3 =
249.41

−0.94% and ϱ3
= 0.07

+11.61% and ϱ3
= 84.41 − −

ψ ψ = 20, κ = 22.67
and 18.78

−8.84% and κ =
0.21

+65.25% and κ =
226.72 − − −8.15% and κ =

0.17
+55.61% and
κ = 143.2

Special Case III

χ1
χ1 = 20, ϱ1 = 6.04
and 5.86

−1.33% and ϱ1 =
0.18

+17.26% and ϱ1 =
250.13 − − −1.65% and ϱ1

= 0.17
+22.26% and
ϱ1 = 241.1

χ2
χ2 = 28, ϱ2 = 4.64
and 3.42

−0.92% and ϱ2 =
0.11

+22.39% and ϱ2 =
264.11 − − −0.73% and ϱ2

= 0.08
+16.29% and
ϱ2 = 187.1

χ3
χ3 = 28, ϱ3 = 4.64
and 3.42

−1.48% and ϱ3 =
0.18

+19.89% and ϱ3 =
248.64

−0.81% and ϱ3
= 0.06

+9.99% and ϱ3
= 84.13 − −

ψ ψ = 20, κ = 22.67
and 18.78

−9.03% and κ =
0.21

+48.68% and κ =
187.04 − − − 7.83% and κ

= 0.17
+53.68% and
κ = 141.51

ν ν = 20, ς = 8.27
and 2.2

−1.44% and ς =
0.09

+40.63% and ς =
250.71

−0.49% and ς =
0.02

+10.78% and ς
= 50.68 − −

Special Case IV

γ1
γ1 = 32, 𭟋1 = 3.78
and 3.66

−0.61% and 𭟋1 =
0.07

+18.28% and 𭟋1 =
214.46 − − −0.84% and 𭟋1

= 0.8
+21.36% and
𭟋1 = 205.85

γ2
γ2 = 22, 𭟋2 = 4.8
and 3.38

−0.86% and 𭟋2 =
0.14

+10.36% and 𭟋2 =
172.71 − − −0.63% and 𭟋2

= 0.1
+1.97% and
𭟋2 = 128.45

γ3
γ3 = 28, 𭟋3 = 5.83
and 2.27

−2.36% and 𭟋3 =
0.22

+16.84% and 𭟋3 =
177.21

−1.59% and 𭟋3
= 0.09

+11.84% and
𭟋3 = 66.08 − −

ψ ψ = 20, κ = 22.67
and 18.78

−8.21% and κ =
0.2

+56.48% and κ =
186.33 − − − 8.63% and κ

= 0.16
+54.95% and
κ = 140.63

ν ν = 20, ς = 8.27
and 2.2

−1.47% and ς =
0.09

+38.83% and ς =
249.63

−0.46% and ς =
0.02

+10.11% and ς
= 50.69 − −

− Not applicable.

6.2.6. Special Case VI: Without Customized Product Design by the Manufacturer Through
Online Channel

Without product design by the manufacturer in the online channel, the overall profit
for the CP method is Π∗

SC = $52,705.45; this is 0.87% less than the original profit in the CP
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method. For the VN method, the retailer’s profit is Π∗
R = $11,549.95, which is 0.11% less

than the original profit of the retailer in the VN method. Π∗
M = $39,948.39 is the profit of the

manufacturer in the VN method, which is 1.05% less than the manufacturer’s profit in the
VN method. It is found that without considering customized products by the manufacturer
through online channels, the manufacturer loses the most, followed by the retailer when
using the CP method. Thus, unless the retailer uses the offline channel, the manufacturer
faces the maximum loss when the manufacturer does not consider product design. Ranges
of some parameters are described below.

• For the CP method, the value of the parameter υ has lower and upper limits of 10.7 and
99.21, respectively. For an υ value of 99.21 or more, the advertisement and customized
product design decision variable become negative, and the profit decreases towards zero.
For an υ value of 10.71, the online selling price is $430.37. For higher or lower values of υ,
the online selling price increases excessively; all other decision variables and profit also
increase simultaneously. Hence, industrial managers should focus on the parameter υ.

• The value of the base demand parameter a has a lower limit of 19 units. If the base demand
is less than 19 units, then the business incurs a loss. Thus, when the manufacturer does
not use product customization online, then the SCN base demand should be more than 19
units. Hence, industrial managers should focus on base demand.

• The values of parameters ζ, c, and τ have upper limits of 11.61, 6.98, and 11.16, respec-
tively. For a c value of 6.98, the online retail price and green level decision variable are
$358.22 and $834.96, but for greater increases in the value of c, the retail prices and green
level decision variable increase suddenly and excessively.

• For a ζ value of 11.16, the online selling price is $358.01, but for larger increases in the
value ζ, the retail price suddenly increases excessively. For a τ value of 11.61, the online
selling prices and the advertisement level decision variable are $341.98 and $458.05,
respectively, but for larger increases in the value τ, the retail prices and advertisement
level decision variable increase excessively, imparting an effect upon the business.

• For the retailer in the VN method, the values of the parameters υ, τ, c, and ζ have upper
limits of 20.09, 21.71, 169.85, and 11.19, respectively. For a c value of 169.85 or more,
the value of the retail price and green innovation investment have become minimum
values of $787.04 and $801.26. In reality, the customer will not be interested in buying
the product for a high retail price. For an υ value of 20.09 or more, the advertisement
level decision variable becomes negative, and profit becomes less than $5.87.

• For a ζ value of 11.19, the retail price becomes $291.09, but for larger increases in the
value of ζ, the retail price increases suddenly and excessively. For a τ value of 21.71
or more, the investment in advertisement and selling prices has become a minimum
of $811.33 and $829.58, respectively. In reality, the customer will not be interested in
buying the product for a high retail price. According to the real-life field scenario, an
upper limit has been assigned for customer satisfaction. Hence, industry managers
should focus on the conditions of these parameters.

• For the manufacturer in the VN method, the value of the parameter υ has lower and
upper limits of 10.4 and 83.45, respectively. For an υ value of 83.45 or more, the
advertisement level decision variable becomes negative, and the profit is almost zero.
For an υ value of 10.4, the online selling price is $422.45. For higher or lower values
of υ, the online selling price increases excessively; all other decision variables and
profit also increase suddenly. In reality, customers will not be interested in buying the
product for a high retail price.

• The value of the parameters τ, c, and ζ have upper limits of 11.96, 6.2, and 13.69,
respectively. For a ζ value of 11.96, the retail price becomes $346.67, but for larger
increases in the value ζ, the retail price increases excessively. For a c value of 6.2 or
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more, the value of the online price and the green level decision variable (>821.40
and $868.47) become excessively high. For a τ value of 13.69 or more, the value of
the online price and the advertisement level decision variable (>647.68 and $647.75)
become excessively high. The value of the base demand parameter a has a lower limit
of 49 units. If the base demand is less than 49 units, then the business operates at a
loss. Hence, industrial managers should focus on the behavior of those parameters.

Table 8. Comparative discussions for non-constructive parameters in Special Cases V, VI, and VII.

Parameters
Original Values
in CP and VN
Methods

CP Method VN Method (Retailer) VN Method (Manufacturer)

(Parameters and
Corresponding
Decision
Variables)

+9900%
Changes in
Profit the
Corresponding
Decision
Variables

−99% Changes in
Profit and the
Corresponding
Decision
Variables

+9900%
Changes in
Profit the
Corresponding
Decision
Variables

−99% Changes
in Profit and
the
Corresponding
Decision
Variables

+9900%
Changes in
Profit the
Corresponding
Decision
Variables

−99% Changes
in Profit and
the
Corresponding
Decision
Variables

Special Case V

γ1
γ1 = 32, 𭟋1 = 3.78
and 3.66

−0.72% and 𭟋1
= 0.09

+18.19% and 𭟋1 =
217.45 − − −0.84% and 𭟋1

= 0.8
+20.89% and
𭟋1 = 208.32

γ2
γ2 = 22, 𭟋2 = 4.8
and 3.38

−0.84% and 𭟋2
= 0.14

+10.07% and 𭟋2 =
174.57 − − −0.62% and 𭟋2

= 0.1
+1.9% and 𭟋2 =
129.97

γ3
γ3 = 28, 𭟋3 = 5.83
and 2.27

−2.48% and 𭟋3
= 0.23

+16.48% and 𭟋3 =
178.97

−1.5% and 𭟋3 =
0.09

+10.91% and
𭟋3 = 66.48 − −

χ1
χ1 = 20, ϱ1 = 6.04
and 5.86

−1.31% and ϱ1
= 0.19

+18.94% and ϱ1 =
252.38 − − −1.71% and ϱ1

= 0.18
+22.86% and ϱ1
= 241.86

χ2
χ2 = 28, ϱ2 = 4.64
and 3.42

−0.96% and ϱ2
= 0.11

+24.57% and ϱ2 =
266.6 − − −0.68% and ϱ2

= 0.08
+16.02% and ϱ2
= 187.45

ψ ψ = 20, κ = 22.67
and 18.78

−8.88% and κ =
0.21

+61.74% and κ =
190.4 − − −8.17% and κ =

0.17
+55.61% and κ
= 143.41

ν ν = 20, ς = 8.27
and 2.2

−1.42% and ς =
0.09

+40.29% and ς =
254.1

−0.48% and ς =
0.02

+9.98% and ς =
51 − −

Special Case VI

γ1
γ1 = 32, 𭟋1 = 3.78
and 3.66

−0.77% and 𭟋1
= 0.09

+17.46% and 𭟋1 =
217.09 − − −0.84% and 𭟋1

= 0.8
+20.9% and 𭟋1
= 208.44

γ2
γ2 = 22, 𭟋2 = 4.8
and 3.38

−0.81% and 𭟋2
= 0.14

+10.74% and 𭟋2 =
174.8 − − −0.61% and 𭟋2

= 0.1
+1.91% and 𭟋2
= 129.87

γ3
γ3 = 28, 𭟋3 = 5.83
and 2.27

−2.57% and 𭟋3
= 0.23

+16.95% and 𭟋3 =
179.19

−1.51% and 𭟋3
= 0.09

+10.9% and 𭟋3
= 66.36 − −

χ2
χ2 = 20, ϱ2 = 6.04
and 5.86

−0.94% and ϱ2
= 0.11

+24.58% and ϱ2 =
266.99 − − −0.65% and ϱ2

= 0.07
+15.96% and ϱ2
= 178.57

χ3
χ3 = 28, ϱ3 = 4.64
and 3.42

−1.57% and ϱ3
= 0.19

+21.63% and ϱ3 =
251.07

−0.93% and ϱ3
= 0.07

+11.47% and ϱ3
= 83.65 − −

ψ ψ = 20, κ = 22.67
and 18.78

−8.71% and κ =
0.21

+54.68% and κ =
190.35 − − −8.16% and κ =

0.17
+55.63% and κ
= 143.4

ν ν = 20, ς = 8.27
and 2.2

−1.53% and ς =
0.09

+39.96% and ς =
254.66

−0.46% and ς =
0.02

+9.93% and ς =
51 − −

Special Case VII

γ1
γ1 = 32, 𭟋1 = 3.78
and 3.66

−0.74% and 𭟋1
= 0.09

+17.75% and 𭟋1 =
218.01 − − −0.84% and 𭟋1

= 0.8
+20.89% and
𭟋1 = 208.11

γ2
γ2 = 22, 𭟋2 = 4.8
and 3.38

−0.8% and 𭟋2 =
0.14

+10.07% and 𭟋2 =
175.02 − − −0.61% and 𭟋2

= 0.1
+1.92% and 𭟋2
= 129.74

γ3
γ3 = 28, 𭟋3 = 5.83
and 2.27

−2.43% and 𭟋3
= 0.22

+17.86% and 𭟋3 =
1679.4

−1.56% and 𭟋3
= 0.09

+10.91% and
𭟋3 = 66.27 − −

χ1
χ1 = 20, ϱ1 = 6.04
and 5.86

−1.48% and ϱ1
= 0.19

+19.01% and ϱ1 =
252.57 − − −1.9% and ϱ1 =

0.18
+22.87% and ϱ1
= 242.58

χ3
χ3 = 28, ϱ3 = 4.64
and 3.42

−1.51% and ϱ3
= 0.19

+20.97% and ϱ3 =
251.38

−0.88% and ϱ3
= 0.06

+11.57% and ϱ3
= 84.4 − −

ψ ψ = 20, κ = 22.67
and 18.78

−9.02% and κ =
0.21

+61.75% and κ =
191.13 − − −8.11% and κ =

0.17
+55.54% and κ
= 143.06

ν ν = 20, ς = 8.27
and 2.2

−1.41% and ς =
0.09

+41.75% and ς =
255.07

−0.48% and ς =
0.02

+10.45% and ς
= 50.91 − −

− Not applicable.
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6.2.7. Special Case VII: Without Customized Product Design of the Manufacturer Through
Offline Channel

Without customized product design by the manufacturer in the offline channel, the
overall profit for the CP method is Π∗

SC = $52,883.26. This is 0.53% less than the original
CP profit. For the VN method, the retailer’s profit is Π∗

R = $11,447.19, which is 1.02% less
profitable than in the VN method in offline channel. The manufacturer’s profit is Π∗

M =
$40,247.33, which is 0.31% less than the original profit in the VN method through offline
channel; that is, without considering product customization by manufacturer through the
offline channel, the loss to the manufacturer is more than the retailer when using the CP
method. Ranges of several parameters are given below.

• For the CP method, the value of the parameter υ has lower and upper limits of 10.6
and 98.63, respectively. For an υ value of 98.63 or more, the advertisement level
decision variable becomes negative, and the profit is negligible. For an υ value of
10.6, the online selling price is $432.76. For higher or lower values of υ, the online
selling price increases excessively; all other decision variables and profit also increase
simultaneously. In reality, customers will not be interested in buying the product for a
high retail price.

• The value of the base demand parameter a has a lower limit of 18 units. If the base
demand is less than 18, then the business operates at a loss. Hence, industrial managers
should focus on the base demand. The values of the parameters ζ, c, and τ have upper
limits of 11.59, 6.05, and 11, respectively. For a c value of 6.05, the online selling price
and green level decision variable are $357.92 and $836.06, but for larger increases in
the value c, the retail prices and green level decision variable increase suddenly and
excessively.

• For a ζ value of 11, the online selling prices are $367.84, but for larger increases in
the value ζ, the retail prices increase suddenly and excessively. For a τ value of 11.59,
the online selling prices and the advertisement level decision variable are $343.05
and $460.71, respectively, but for larger increases in the value τ, the retail prices and
advertisement level decision variable increase excessively, imparting an effect upon
the business. Hence, this is an important consideration for industrial managers.

• For the retailer in the VN method, the values of the parameters υ, τ, c, and ζ have upper
limits of 20.14, 21.71, 171.02, and 11.19, respectively. For a c value of 171.02 or more,
the value of the retail price and green innovation investment have become minimum
values of $798.28 and $825.79. For an υ value of 20.14 or more, the advertisement level
decision variable becomes negative and profit becomes less than $4.67.

• For a ζ value of 11.19, the retail price becomes $290.87, but for larger increases in the
value ζ, the retail price increases suddenly and excessively. For a τ value of 21.71 or
more, the investment in advertisement and the selling price become minimum values
of $817.37 and $834.68, respectively.

• For the manufacturer in the VN method, the value of the parameter υ has lower
and upper limits of 10.4 and 83.8, respectively. For an υ value of 83.8 or more, the
advertisement level decision variable becomes negative, and the profit is also near
zero. For an υ value of 10.4, the online selling price is $418.46. For higher or lower
values of υ, the online selling price increases excessively; all other decision variables
and profit also increase suddenly.

• The values of the parameters τ, c, and ζ have upper limits of 11.99, 6.18, and 13.68,
respectively. For a ζ value of 11.99, the retail price becomes $354.79, but for larger
increases in the value ζ, the retail price increases excessively. For a c value of 6.18
or more, the value of the online price and the green level decision variable (>807.09
and $843.91) become excessively high. For a τ value of 13.68 or more, the value of
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the online price and the advertisement level decision variable (>621.73 and $633.19)
become excessively high. The value of the base demand parameter a has a lower limit
of 48 units. If the base demand is less than 48 units, then the business operates at a
loss. Hence, the industrial manager should focus on the behavior of those parameters.

II. Nonconstructive Parameter Discussions for Special Cases

The natures of all nonconstructive investment parameters for Special Cases I, II, III,
IV, V, VI, and VII are explained in Tables 7 and 8. These tables explain the associative
investment thresholds. The parameters are increased by up to 9900% and decreased by up
to 99%. For all the cases, the following patterns are found.

• For both the CP and VN methods, the enlisted parameters in Table 7 (Special Case
I) are much less sensitive. A 9900 times greater investment in cybersecurity, product
customization, and advertisement investment is a considerably large investment
compared to the optimum results (Table 3).

• A maximum decrease of 99% in the investment parametric values increases the profit
significantly. However, for small changes such as 5% or 10%, the profit changes are
insignificant.

• The results in Tables 7 and 8 imply that an investment that is significantly higher than
the optimum value reduces the relevant decision activities by the SC player. Those
tasks are automatically taken care of by the associative setup. But, the investment
should not be much lower than the optimized value for the stability of the result.

• For Special Case II, when there is no advertisement by the retailer, the green innovation
investment parameter ψ decreases to 90%, not to 99%. That is, without investment,
green investment can be relaxed to 90% but not less than that.

• It is found that when advertisement is withdrawn from the system, it causes the
maximum profit loss, −8.84%, when the green investment parameter is increased to
9900%; this is the highest among all special cases. Similarly, a −90% causes a 65.25%
increase in profit, which is again the highest among all cases.

6.3. Discussions and Comparisons

Figure 4 compares the profit between the CP and VN methods. According to Table 3
and Figure 4, the maximum profit between the two policies is obtained under the CP
method, which is $53,165.67. From all the Special Cases, no use of green innovation in
Special Case I has the highest effect on the SCN profit (Table 5) in the CP method, followed
by the VN method.

For the purpose of this study, numerical comparisons to the existing literature are
shown in Table 9. Pal et al. [60] studied green innovation and promotional effort. However,
their research neglected customized products and cybersecurity. They obtained profits
of $16,237.2 and $14,567.90 for the CP and VN methods, respectively, which are 69.45%
and 71.95% less than the profits obtained in this study, respectively. Kar et al. [61] studied
a dual-channel strategy, advertisement, and green innovation, but their research did not
consider customized products and cybersecurity policies. The profit in the CP method
was $2226.93, which 95.81% less than that obtained in this study. They did not consider a
decentralized policy.

Table 9. Comparison with previous findings in the academic literature.

Author CP Method VN Method

Pal et al. [60] $16,237.2 $14,567.90
Kar et al. [61] $2226.93 −

This study $53,165.67 $51,938.33
−: Not specified.
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(a) (b)

(c)

Figure 4. Graphical presentation of result and special cases: (a) retailer in the VN method, (b)
manufacturer in the VN method, and (c) supply chain in CP method.

6.4. Sensitivity Analysis

To analysis the solutions, sensitivity analysis has been performed. Sensitivity analyses
are shown in the tornado chart in Figure 5 and Table 10. This examines the impact of
altering a parameter between the range of ±10% to ±50%.

1. ζ is the most sensitive parameter, which is the cross-selling parameter. With a 10%
positive change, it elevates the profits by 103.69% in the CP method and 86.3% in the
VN method. For 20% changes, the VN methods provides changes, but the CP method
diverges; that is, the CP method is more sensitive than VN method.

2. The base demand (a) is the next-most sensitive parameter. A −50% decrement in a
decreases profit of the supply chain by −75.49%, and an increase of +50% a increases
the total supply chain profit by +125.8%. The effect on the retailer’s profit is greater
in offline channel than in the other cases.

3. Greenness level is also a very sensitive parameter. Out of the two policies, in the
CP method, the greenness level (c) has more impact on the total profit. A decrease
of −25% in greenness level decreases the total profit by −4.35%, and an increase of
+50% increases the total profit by +13.54%. c is more sensitive for the retailer in the
VN method. The parameter c is similarly sensitive for other cases.

4. The parameter related to the cybersecurity of the retailer (ε3) is more sensitive than
the manufacturer’s cybersecurity parameter (ε2). Out of these policies, the CP method
shows the greatest amount of variation. A +50% increment in ε2 and ε3 increases
profit by +2.41% and +4.93%, respectively, whereas a −50% decrement in ε2 and ε3

decreases the profit by −0.38% and −1.03%, respectively.
5. υ is one of the most sensitive parameters, as it only varies between 10% to 20%. In

the centralized and VN method, the parameter is too sensitive, decreases greater than
10% causes divergence in the results.

https://doi.org/10.3390/math14010192

https://doi.org/10.3390/math14010192


Mathematics 2026, 14, 192 32 of 42

6. The variable transportation cost of the manufacturer (rv) is a more sensitive parameter
than the variable transportation cost of the retailer (mv). The transportation cost of
the manufacturer does not affect the retailer’s profit in the VN method. In the VN
method, mv is much less sensitive, but in the CP Method, mv is a sensitive parameter.
The effects of m f and r f are negligible.

Table 10. Sensitivity analysis of principal parameters in the VN and CP methods.

VN CP

Parameters Changes (in %) Retailer Π∗
R (%) Manufacturer Π∗

M (%) SCN Π∗
SC (%)

a

−75% −95.03 −93.98 −94.11
−50% −76.64 −75.16 −75.33
−25% −44.94 −43.81 −43.93
+25% +58.12 +56.21 +56.39
+50% +129.4 +124.77 +125.21
+75% +213.8 +205.68 +206.43

τ

−75% −0.48 −0.69 −1.42
−50% −0.38 −0.55 −1.19
−25% −0.22 −0.32 −0.67
+25% +0.25 +0.35 0.8
+50% +0.65 +0.93 +1.97
+75% +1.08 +1.55 +3.29

c

−75% −9.43 −7.79 −8.53
−50% −7.7 −6.33 −6.94
−25% −4.65 −3.79 −4.17
+25% +6.71 +5.33 +5.94
+50% +16.29 +12.67 +14.25
+75% +30.09 +22.77 +25.95

ε2

−75% −1.43 −1.11 −1.24
−50% −0.69 −0.26 −0.38
−25% −0.46 −0.17 −0.26
+25% +1.08 +0.38 +0.6
+50% +4.32 +1.41 2.41
+75% +11.75 +5.76 +5.23

ε3

−75% −0.81 −1.45 −3.65
−50% −0.36 −0.61 −1.03
−25% −0.24 −0.39 −0.68
+25% +0.45 +0.72 +1.41
+50% +1.34 +2.22 +4.93
+75% +3.65 +5.86 +9.82

υ

−20% − − −
−10% +96.21 +144.34 +165.49
+10% −30.01 +41.47 −39.11
+20% −44.87 −60.24 −56.55

ζ

−20% −34.52 −56.24 −50.76
−10% −22.92 −37.08 −34
+10% +58.33 +94.32 +103.69
+20% +338.19 +556.43 −

mv

−20% − +0.001 +0.51
−10% − +0.0007 +0.26
+10% − −0.0007 −0.26
+20% − −0.001 −0.51

rv

−20% +1.7 +0.01 +0.38
−10% +0.85 +0.001 +0.19
+10% −0.85 −0.001 −0.19
+20% −1.7 −0.01 −0.38

−: Not specified.
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(a) (b)

Figure 5. Tornado graph for a comparison of sensitivity analyses: (a) +25% changes for a and c and
+10% changes for υ and ζ in CP and VN methods; (b) +50% changes for τ, ε2, and ε3 and +20%
changes for rv and mv in CP and VN methods.

7. Managerial Interpretation and Insights
In this section, managerial interpretation and insights are discussed separately in

two subsections.

7.1. Business Interpretation with an Example

An example of a real-life scenario can help better understand the relationship between
the present study and real business cases.

• An electronics manufacturer produces Bluetooth headphones. They use both online
and offline channels for business.

• However, the manufacturer is not available offline in the market, especially for con-
sumers. The manufacturer only opens sales for consumers through the online channel.
The manufacturer sells Bluetooth headphones to retailers through offline channels.

• In that case, consumers can buy products according to their choice due to their
ability to provide customized products. The online sales channel is operated by the
manufacturer, and the offline sales channel is operated by the retailer.

• Customized product design is available for consumers from both channels, i.e., online
and offline. The retailer passes the customization request to the manufacturer for
the offline channel, and the manufacturer directly receives the Bluetooth headphone
customization request from consumers.

• The Bluetooth headphones have a long-lasting battery that reduces the number of
charges. This reduces carbon footprint for environmental sustainability.

• Since Bluetooth headphones connect through mobile or web applications, the elec-
tronics company prioritizes data protection, secure connectivity, and regular software
updates for applications. This is categorized as cybersecurity, which builds consumers’
trust, reduces the risk of cyber threats, and protects both users’ and the electronics
company’s reputation.

7.2. Managerial Insights

Some recommendations for managers are listed below.

• Industrial managers are advised to open a new policy named customized product
service through dual channels. This is because by satisfying a customer and meeting
their needs, managers can improve the business according to the customer’s experi-
ence and taste [62]. As a result, the company can increase the brand’s value in the
competitive market and can earn maximum profit.
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• Industrial managers should take care of the customer’s loyalty and trust by securing
the customer’s data safety and avoiding interrupted operations. Therefore, manufac-
turers should invest in cybersecurity to maintain brand value in the market and retain
the same trust between all supply chain members.

• Embracing green practices not only minimizes environmental footprint but also en-
hances the brand image and customer confidence. Managers must see green endeavors
as strategic investments that can generate cost savings, regulatory conformance, and
competitive advantages.

• Providing both online and offline channels increases customer convenience and market
coverage. Managers need to carefully balance the prices, inventories, and quality
of services across the channels to prevent conflict and provide consistency. Using
data from both channels offers greater consumer insight and allows personalized
approaches. Properly integrating dual channels leads to stronger loyalty among
customers and sustainable business growth.

• Managers need to spend advertising funds efficiently by approaching the appropriate
market segments to achieve maximum return on investment. Combining traditional
and digital platforms ensures broader reach and flexibility in response to shifts in
consumer behavior. Finally, ongoing assessment of the effectiveness of advertisements
allows refining of strategies and maintaining a long-term competitive edge.

8. Conclusions
An SCN model was developed where the manufacturer and the retailer were the

supply chain members. The model was developed with customized product, cybersecurity,
green innovation, dual-channel retailing, and advertisement, which contribute significantly
to the industry by maximizing the total profit.

• The study indicated that customized products enhance brand loyalty, and robust
security practices minimized data breaches and business risks.

• It was found that the CP method always provided increased profit over the VN
method, i.e., centralized policy is better than decentralized policy.

• When the manufacturer did not invest in green innovation, then the system’s profit
reduced the most among all methods. Without investing in customized products and
cybersecurity, the profit of the supply chain decreased by 2.36% in the centralized
method, which is the most among the CP and VN methods.

This study can be extended in various directions. Investigating long-term sustainability
issues for the implementation of green innovation is an immediate extension [63,64]. It can be
extended for deteriorating products by considering preservation technology [65]. Uncertainty
methodologies such as fuzzy logic [66] and metaheuristic approaches can be used to extend
this study. It can be extended using home delivery policy to obtain an advantage over the
competition [67]. Customer care support for service can be used [68] as an extension.
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Appendix A

Table A1. All parameters that are used in the special cases and sensitivity analysis.

Parameter Value Parameter Value Parameter Value

a 900 units υ 12.27 ζ; 10;
τ 1.5 c 2 mv $2.6/unit
rv $2.6/unit ε1 0.8 ε2 0.7
ε3 0.6 ϖ1 0.7 ϖ2 0.8
ϖ3 0.7 − − − −

−: Not specified.

Appendix B
All derivatives in this appendix are here.
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∂ϑ2

(πSC) = cκ − 2υϑ2 + 2ζϑ1 + τς + (υ − ζ)mv + υrv + κ2𭟋ε2
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All other partial derivatives are zero. This research endeavor assesses the globally optimal
solution through the utilization of a Hessian matrix (H) within the framework of a CP
method.
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The first-order principal minor of a 1 × 1 Hessian matrix is |H11| = ∂2

∂ς2 πSC = −ν < 0.
The second-order principal minor of a 2 × 2 Hessian matrix is |H22| =∣∣∣∣∣∣
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∂𭟋1∂ς πSC
∂2

∂𭟋1∂ϑ1
πSC

∂2

∂𭟋1∂κ πSC
∂2

∂𭟋1∂ϑ2
πSC

∂2

∂𭟋2
1
πSC

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
(

L2 +
∂2

∂𭟋1∂ς πSC

)
|H44| =

(−ν − τ)2(−2vν2) < 0.

L3 = L2 +
∂2

∂𭟋1∂ς πSC = −ν − τ < 0 and |H44| > 0. The sixth-order principal minor of
a 6 × 6 Hessian matrix is |H66| =∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂2

∂ς2 πSC
∂2

∂ς∂ϑ1
πSC

∂2

∂ς∂κ πSC
∂2

∂ς∂ϑ2
πSC

∂2

∂ς∂𭟋1
πSC

∂2

∂ς∂𭟋2
πSC

∂2

∂ϑ1∂ς πSC
∂2

∂ϑ2
1
πSC

∂2

∂ϑ1∂κ πSC
∂2

∂ϑ1∂ϑ2
πSC

∂2

∂ϑ1∂𭟋1
πSC

∂2

∂ϑ1∂𭟋2
πSC

∂2

∂κ∂ς πSC
∂2

∂κ∂ϑ1
πSC

∂2

∂κ2 πSC
∂2

∂κ∂ϑ2
πSC

∂2

∂κ∂𭟋1
πSC

∂2

∂κ∂𭟋2
πSC

∂2

∂ϑ2∂ς πSC
∂2

∂ϑ2∂ϑ1
πSC

∂2

∂ϑ2∂κ πSC
∂2

∂ϑ2
2
πSC

∂2

∂ϑ2∂𭟋1
πSC

∂2

∂ϑ2∂𭟋2
πSC

∂2

∂𭟋1∂ς πSC
∂2

∂𭟋1∂ϑ1
πSC

∂2

∂𭟋1∂κ πSC
∂2

∂𭟋1∂ϑ2
πSC

∂2

∂𭟋2
1
πSC

∂2

∂𭟋1∂𭟋2
πSC

∂2

∂𭟋2∂ς πSC
∂2

∂𭟋2∂ϑ1
πSC

∂2

∂𭟋2∂κ πSC
∂2

∂𭟋2∂ϑ2
πSC

∂2

∂𭟋2∂𭟋1
πSC

∂2

∂𭟋2
2
πSC

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
(

L3 − ∂2

∂𭟋2∂ς πSC

)
|H55| = (−ν − τ)3(−2vν2) > 0. As L4 = L3 − ∂2

∂𭟋2∂ς πSC = −ν − τ < 0
and |H55| < 0. The seventh-order principal minor of a 7 × 7 Hessian matrix is |H77| =
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂2

∂ς2 πSC
∂2

∂ς∂ϑ1
πSC

∂2

∂ς∂κ πSC
∂2

∂ς∂ϑ2
πSC

∂2

∂ς∂𭟋1
πSC

∂2

∂ς∂𭟋2
πSC

∂2

∂ς∂𭟋2
πSC

∂2

∂ϑ1∂ς πSC
∂2

∂ϑ2
1
πSC

∂2

∂ϑ1∂κ πSC
∂2

∂ϑ1∂ϑ2
πSC

∂2

∂ϑ1∂𭟋1
πSC

∂2

∂ϑ1∂𭟋2
πSC

∂2

∂ϑ1∂𭟋3
πSC

∂2

∂κ∂ς πSC
∂2

∂κ∂ϑ1
πSC

∂2

∂κ2 πSC
∂2

∂κ∂ϑ2
πSC

∂2

∂κ∂𭟋1
πSC

∂2

∂κ∂𭟋2
πSC

∂2

∂κ∂𭟋3
πSC

∂2

∂ϑ2∂ς πSC
∂2

∂ϑ2∂ϑ1
πSC

∂2

∂ϑ2∂κ πSC
∂2

∂ϑ2
2
πSC

∂2

∂ϑ2∂𭟋1
πSC

∂2

∂ϑ2∂𭟋2
πSC

∂2

∂ϑ2∂𭟋3
πSC

∂2

∂𭟋1∂ς πSC
∂2

∂𭟋1∂ϑ1
πSC

∂2

∂𭟋1∂κ πSC
∂2

∂𭟋1∂ϑ2
πSC

∂2

∂𭟋2
1
πSC

∂2

∂𭟋1∂𭟋2
πSC

∂2

∂𭟋1∂𭟋3
πSC

∂2

∂𭟋2∂ς πSC
∂2

∂𭟋2∂ϑ1
πSC

∂2

∂𭟋2∂κ πSC
∂2

∂𭟋2∂ϑ2
πSC

∂2

∂𭟋2∂𭟋1
πSC

∂2

∂𭟋2
2
πSC

∂2

∂𭟋2∂𭟋3
πSC

∂2

∂𭟋3∂ς πSC
∂2

∂𭟋3∂ϑ1
πSC

∂2

∂𭟋3∂κ πSC
∂2

∂𭟋3∂ϑ2
πSC

∂2

∂𭟋3∂𭟋1
πSC

∂2

∂𭟋3∂𭟋2
πSC

∂2

∂𭟋2
3
πSC

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
(

L4 +
∂2

∂𭟋3∂ς πSC

)
|H66| = (−ν − τ)4(−2vν2) < 0. As L5 = L4 +

∂2

∂𭟋3∂ς πSC = −ν − τ < 0
and |H66| > 0. The eighth-order principal minor of an 8 × 8 Hessian matrix is |H88| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂2

∂ς2 πSC
∂2

∂ς∂ϑ1
πSC

∂2

∂ς∂κ πSC
∂2

∂ς∂ϑ2
πSC

∂2

∂ς∂𭟋1
πSC

∂2

∂ς∂𭟋2
πSC

∂2

∂ς∂𭟋3
πSC

∂2

∂ς∂ϱ1
πSC

∂2

∂ϑ1∂ς πSC
∂2

∂ϑ2
1

πSC
∂2

∂ϑ1∂κ πSC
∂2

∂ϑ1∂ϑ2
πSC

∂2

∂ϑ1∂𭟋1
πSC

∂2

∂ϑ1∂𭟋2
πSC

∂2

∂ϑ1∂𭟋3
πSC

∂2

∂ϑ1∂ϱ1
πSC

∂2

∂κ∂ς πSC
∂2

∂κ∂ϑ1
πSC

∂2

∂κ2 πSC
∂2

∂κ∂ϑ2
πSC

∂2

∂κ∂𭟋1
πSC

∂2

∂κ∂𭟋2
πSC

∂2

∂κ∂𭟋3
πSC

∂2

∂κ∂ϱ1
πSC

∂2

∂ϑ2∂ς πSC
∂2

∂ϑ2∂ϑ1
πSC

∂2

∂ϑ2∂κ πSC
∂2

∂ϑ2
2

πSC
∂2

∂ϑ2∂𭟋1
πSC

∂2

∂ϑ2∂𭟋2
πSC

∂2

∂ϑ2∂𭟋3
πSC

∂2

∂ϑ2∂ϱ1
πSC

∂2

∂𭟋1∂ς πSC
∂2

∂𭟋1∂ϑ1
πSC

∂2

∂𭟋1∂κ πSC
∂2

∂𭟋1∂ϑ2
πSC

∂2

∂𭟋2
1

πSC
∂2

∂𭟋1∂𭟋2
πSC

∂2

∂𭟋1∂𭟋3
πSC

∂2

∂𭟋1∂ϱ1
πSC

∂2

∂𭟋2∂ς πSC
∂2

∂𭟋2∂ϑ1
πSC

∂2

∂𭟋2∂κ πSC
∂2

∂𭟋2∂ϑ2
πSC

∂2

∂𭟋2∂𭟋1
πSC

∂2

∂𭟋2
2

πSC
∂2

∂𭟋2∂𭟋3
πSC

∂2

∂𭟋2∂ϱ1
πSC

∂2

∂𭟋3∂ς πSC
∂2

∂𭟋3∂ϑ1
πSC

∂2

∂𭟋3∂κ πSC
∂2

∂𭟋3∂ϑ2
πSC

∂2

∂𭟋3∂𭟋1
πSC

∂2

∂𭟋3∂𭟋2
πSC

∂2

∂𭟋2
3

πSC
∂2

∂𭟋3∂ϱ1
πSC

∂2

∂ϱ1∂ς πSC
∂2

∂ϱ1∂ϑ1
πSC

∂2

∂ϱ1∂κ πSC
∂2

∂ϱ1∂ϑ2
πSC

∂2

∂ϱ1∂𭟋1
πSC

∂2

∂ϱ1∂𭟋2
πSC

∂2

∂ϱ1∂𭟋3
πSC

∂2

∂ϱ2
1

πSC

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
(

L5 +
∂2

∂ϱ1∂ς πSC

)
|H77| = (−ν − τ)5(−2vν2) > 0. As L6 = L5 +

∂2

∂ϱ2∂ς πSC = −ν − τ < 0
and |H77| < 0. The ninth-order principal minor of a 9 × 9 Hessian matrix is |H99| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂2

∂ς2 πSC
∂2

∂ς∂ϑ1
πSC

∂2
∂ς∂κ πSC

∂2
∂ς∂ϑ2

πSC
∂2

∂ς∂𭟋1
πSC

∂2
∂ς∂𭟋2

πSC
∂2

∂ς∂𭟋3
πSC

∂2
∂ς∂ϱ1

πSC
∂2

∂ς∂ϱ2
πSC

∂2
∂ϑ1∂ς

πSC
∂2

∂ϑ2
1

πSC
∂2

∂ϑ1∂κ πSC
∂2

∂ϑ1∂ϑ2
πSC

∂2
∂ϑ1∂𭟋1

πSC
∂2

∂ϑ1∂𭟋2
πSC

∂2
∂ϑ1∂𭟋3

πSC
∂2

∂ϑ1∂ϱ1
πSC

∂2
∂ϑ1∂ϱ2

πSC

∂2
∂κ∂ς

πSC
∂2

∂κ∂ϑ1
πSC

∂2

∂κ2 πSC
∂2

∂κ∂ϑ2
πSC

∂2
∂κ∂𭟋1

πSC
∂2

∂κ∂𭟋2
πSC

∂2
∂κ∂𭟋3

πSC
∂2

∂κ∂ϱ1
πSC

∂2
∂κ∂ϱ2

πSC

∂2
∂ϑ2∂ς

πSC
∂2

∂ϑ2∂ϑ1
πSC

∂2
∂ϑ2∂κ πSC

∂2

∂ϑ2
2

πSC
∂2

∂ϑ2∂𭟋1
πSC

∂2
∂ϑ2∂𭟋2

πSC
∂2

∂ϑ2∂𭟋3
πSC

∂2
∂ϑ2∂ϱ1

πSC
∂2

∂ϑ2∂ϱ2
πSC

∂2
∂𭟋1∂ς

πSC
∂2

∂𭟋1∂ϑ1
πSC

∂2
∂𭟋1∂κ πSC

∂2
∂𭟋1∂ϑ2

πSC
∂2

∂𭟋2
1

πSC
∂2

∂𭟋1∂𭟋2
πSC

∂2
∂𭟋1∂𭟋3

πSC
∂2

∂𭟋1∂ϱ1
πSC

∂2
∂𭟋1∂ϱ2

πSC

∂2
∂𭟋2∂ς

πSC
∂2

∂𭟋2∂ϑ1
πSC

∂2
∂𭟋2∂κ πSC

∂2
∂𭟋2∂ϑ2

πSC
∂2

∂𭟋2∂𭟋1
πSC

∂2

∂𭟋2
2

πSC
∂2

∂𭟋2∂𭟋3
πSC

∂2
∂𭟋2∂ϱ1

πSC
∂2

∂𭟋2∂ϱ2
πSC

∂2
∂𭟋3∂ς

πSC
∂2

∂𭟋3∂ϑ1
πSC

∂2
∂𭟋3∂κ πSC

∂2
∂𭟋3∂ϑ2

πSC
∂2

∂𭟋3∂𭟋1
πSC

∂2
∂𭟋3∂𭟋2

πSC
∂2

∂𭟋2
3

πSC
∂2

∂𭟋3∂ϱ1
πSC

∂2
∂𭟋3∂ϱ2

πSC

∂2
∂ϱ1∂ς

πSC
∂2

∂ϱ1∂ϑ1
πSC

∂2
∂ϱ1∂κ πSC

∂2
∂ϱ1∂ϑ2

πSC
∂2

∂ϱ1∂𭟋1
πSC

∂2
∂ϱ1∂𭟋2

πSC
∂2

∂ϱ1∂𭟋3
πSC

∂2

∂ϱ2
1

πSC
∂2

∂ϱ1∂ϱ2
πSC

∂2
∂ϱ2∂ς

πSC
∂2

∂ϱ2∂ϑ1
πSC

∂2
∂ϱ2∂κ πSC

∂2
∂ϱ2∂ϑ2

πSC
∂2

∂ϱ2∂𭟋1
πSC

∂2
∂ϱ2∂𭟋2

πSC
∂2

∂ϱ2∂𭟋3
πSC

∂2
∂ϱ2∂ϱ1

πSC
∂2

∂ϱ2
2

πSC

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
(

L6 +
∂2

∂ϱ2∂ς πSC

)
|H88| = (−ν − τ)6(−2vν2) < 0. As L7 = L6 +

∂2

∂ϱ2∂ς πSC = −ν − τ < 0
and |H88| > 0. The tenth-order principal minor of a 10 × 10 Hessian matrix is |H10×10| =
|HB| =

(
L7 +

∂2

∂ϱ3∂ς πSC

)
|H99| = (−ν − τ)7(−2vν2) > 0. As L7 +

∂2

∂ϱ3∂ς πSC = −ν − τ < 0
and |H99| < 0.

Appendix C
Two Appendices are discussed in this section.

Appendix C.1

All first- and second-order partial derivatives that is needed in the Hessian matrix for
manufacturer in the VN method.
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∂
∂ϑ1

(πM) = cκ + ζϑ2 − 2υϑ1 + ζhϑ1 − (υ + ζ)mv + a(1 − σ) + κ1𭟋ε1
1 − h(cκ − υϑ2 + ζϑ1 + τς + κ2𭟋ε2

2 + κ3𭟋ε3
3 + aσ)

∂
∂κ (πM) = cϑ1 + chϑ1 − 2cmv −κψ, ∂

∂𭟋1
(πM) = −γ1𭟋1 + ε1(ϑ1 − mv)κ1𭟋ε1−1

1
∂

∂𭟋2
(πM) = −γ2𭟋2 + ε2(hϑ1 − mv)κ2𭟋ε2−1

2 , ∂
∂ϱ1

(πM) = −χ1ϱ1 + ϖ1(ϑ1 − mv)λ1ϱϖ1−1
1

∂
∂ϱ2

(πM) = −χ2ϱ2 + ϖ2(hϑ1 − mv)λ2ϱϖ2−1
2 , ∂2

∂ϑ2
1
(πM) = 2bζh − 2υ, ∂2

∂κ2 (πM) = −ψ

∂2

∂𭟋2
1
(πM) = −γ1 + ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2

1
∂2

∂𭟋2
2
(πM) = −γ2 + ε2(ε2 − 1)(hϑ1 − mv)κ2𭟋ε2−2

2
∂2

∂ϱ2
1
(πM) = −χ1 + ϖ1(ϖ1 − 1)(ϑ1 − mv)λ1ϱϖ1−2

1
∂2

∂ϱ2
2
(πM) = −χ2 + ϖ2(ϖ2 − 1)(hϑ1 − mv)λ2ϱϖ2−2

2 , ∂2

∂ϑ1∂ϱ2
(πM) = ∂2

∂ϱ2∂ϑ1
(πM) = λ2hϖ2ϱϖ2−1

2
∂2

∂ϑ1∂κ (πM) = ∂2

∂κ∂ϑ1
(πM) = c(1 + h), ∂2

∂ϑ1∂𭟋1
(πM) = ∂2

∂𭟋1∂ϑ1
(πM) = κ1ε1𭟋ε1−1

1
∂2

∂ϑ1∂𭟋2
(πM) = ∂2

∂𭟋2∂ϑ1
(πM) = κ2hε2𭟋ε2−1

2 , ∂2

∂ϑ1∂ϱ1
(πM) = ∂2

∂ϱ1∂ϑ1
(πM) = λ1ϖ1ϱϖ1−1

1

All other partial derivatives are zero. The Hessian matrix of this appendix is [HC1] =

∂2

∂𭟋2
1
πM

∂2

∂𭟋1∂κ πM
∂2

∂𭟋1∂ϑ1
πM

∂2

∂𭟋1∂𭟋2
πM

∂2

∂𭟋1∂ϱ1
πM

∂2

∂𭟋1∂ϱ2
πM

∂2

∂κ∂𭟋1
πM

∂2

∂κ2 πM
∂2

∂κ∂ϑ1
πM

∂2

∂κ∂𭟋2
πM

∂2

∂κ∂ϱ1
πM

∂2

∂κ∂ϱ2
πM

∂2

∂ϑ1∂𭟋1
πM

∂2

∂ϑ1∂κ πM
∂2

∂ϑ2
1
πM

∂2

∂ϑ1∂𭟋2
πM

∂2

∂ϑ1∂ϱ1
πM

∂2

∂ϑ1∂ϱ2
πM

∂2

∂𭟋2∂𭟋1
πM

∂2

∂𭟋2∂κ πM
∂2

∂𭟋2∂ϑ1
πM

∂2

∂𭟋2
2
πM

∂2

∂𭟋2∂ϱ1
πM

∂2

∂𭟋2∂ϱ2
πM

∂2

∂ϱ1∂𭟋1
πM

∂2

∂ϱ1∂κ πM
∂2

∂ϱ1∂ϑ1
πM

∂2

∂ϱ1∂𭟋2
πM

∂2

∂ϱ2
1
πM

∂2

∂ϱ1∂ϱ2
πM

∂2

∂ϱ2∂𭟋1
πM

∂2

∂ϱ2∂κ πM
∂2

∂ϱ2∂ϑ1
πM

∂2

∂ϱ2∂𭟋2
πM

∂2

∂ϱ2∂ϱ1
πM

∂2

∂ϱ2
2
πM


The first-order principal minor of a 1 × 1 Hessian matrix is |H11| = [ ∂2

∂𭟋2
1
πM] =

−γ1 + ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2
1 < 0, if ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2

1 < γ1. The second-
order principal minor of a 2 × 2 Hessian matrix is |H22| =

∣∣∣∣∣∣
∂2

∂𭟋2
1
πM

∂2

∂𭟋1∂κ πM

∂2

∂κ∂𭟋1
πM

∂2

∂κ2 πM

∣∣∣∣∣∣ = (−γ1 + ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2
1 )(−ψ) > 0.

|H11| < 0 and −ψ < 0. The third-order principal minor of a 3 × 3 Hessian matrix is
|H33| =∣∣∣∣∣∣∣∣

∂2

∂𭟋2
1
πM

∂2

∂𭟋1∂κ πM
∂2

∂𭟋1∂ϑ1
πM

∂2

∂κ∂𭟋1
πM

∂2

∂κ2 πM
∂2

∂κ∂ϑ1
πM

∂2

∂ϑ1∂𭟋1
πM

∂2

∂ϑ1∂κ πM
∂2

∂ϑ2
1
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(

∂2

∂𭟋2
1

πM − ∂2

∂κ∂𭟋1
πM +

∂2

∂ϑ1∂𭟋1
πM

)
|H22| < 0.

If L1 = ∂2

∂𭟋2
1
πM − ∂2

∂κ∂𭟋1
πM+ ∂2

∂ϑ1∂𭟋1
πM < 0, i.e.,

(
−γ1 + ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2

1

+κ1ε1𭟋ε1−1
1

)
< 0 and as |H22| > 0. The fourth-order principal minor of Hessian matrix of

4 × 4 is |H44| =∣∣∣∣∣∣∣∣∣∣∣∣

∂2

∂𭟋2
1
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∂2
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∂2
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∂2
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πM

∂2

∂𭟋2
2
πM

∣∣∣∣∣∣∣∣∣∣∣∣
= (L1 −

∂2

∂𭟋2∂𭟋1
πM)|H33| > 0.
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As L2 = L1 +
∂2

∂𭟋2∂𭟋1
πM = −γ1 + ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2

1 + κ1ε1𭟋ε1−1
1 < 0, and,

|H33| < 0. The fifth-order principal minor of a 5 × 5 Hessian matrix is |H55| =∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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∂𭟋2
1
πM

∂2
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∂2

∂κ∂𭟋1
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∂2

∂κ2 πM
∂2

∂κ∂ϑ1
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∂ϑ1∂𭟋1
πM
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∂2
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∂2
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∂𭟋2∂𭟋1
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∂2

∂𭟋2∂κ πM
∂2
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∂2

∂𭟋2
2
πM

∂2

∂𭟋2∂ϱ1
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∂2

∂ϱ1∂𭟋1
πM

∂2

∂ϱ1∂κ πM
∂2

∂ϱ1∂ϑ1
πM

∂2

∂ϱ1∂𭟋2
πM

∂2

∂ϱ2
1
πM

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (L2 −

∂2

∂ϱ1∂𭟋1
πM)|H44| > 0.

L3 +
∂2

∂ϱ1∂𭟋1
πM = −γ1 + ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2

1 + κ1ε1𭟋ε1−1
1 < 0 and |H44| > 0.

The sixth-order principal minor of a 6× 6 Hessian matrix is |H66| = |HC1| = (L3 − ∂2

∂ϱ2∂𭟋1
πM)

|H55| > 0. L3 +
∂2

∂ϱ2∂𭟋1
πM = −γ1 + ε1(ε1 − 1)(ϑ1 − mv)κ1𭟋ε1−2

1 + κ1ε1𭟋ε1−1
1 < 0 and

|H55| < 0.

Appendix C.2

All first- and second-order partial derivatives that are needed for the retailer in H in
the VN method.

∂
∂ϑ2

(πR) = cκ − υϑ2 + ζϑ1 − υ(ϑ2 − hϑ1) + τς + υrv + κ2𭟋ε2
2 + κ3𭟋ε3

3 + aσ
∂

∂ϑ1
(πR) = ζ(ϑ2 − hϑ1)− ζrv − h(cκ − υϑ2 + ζϑ1 + τς + κ2𭟋ε2

2 + κ3𭟋ε3
3 + aσ)

∂
∂ς (πR) = τ(ϑ2 − hϑ1)− τrv − ςν, ∂

∂𭟋3
(πR) = −γ3𭟋3 + ε3(ϑ2 − hϑ1)κ3𭟋ε3−1

3
∂

∂ϱ3
(πR) = −χ3ϱ3 + ϖ3(ϑ2 − hϑ1)λ3ϱϖ3−1

3 , ∂2

∂ϑ2
2
(πR) = −2υ, ∂2

∂ς2 (πR) = −ν

∂2

∂𭟋2
3
(πR) = −γ3 + ε3κ3(ε3 − 1)(ϑ2 − hϑ1 − rv)𭟋ε3−2

3
∂2

∂ϱ2
3
(πR) = −χ3 + ϖ3λ3(ϖ3 − 1)(ϑ2 − hϑ1 − rv)ϱ

ϖ3−2
3

∂2

∂ϑ2∂ς (πR) =
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∂ς∂ϑ2
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3 , ∂2

∂ϑ2∂ϱ3
(πR) =

∂2

∂ϱ3∂ϑ2
(πR) = ε3κ3𭟋ε3−1

3

Other partial derivatives are zero. The Hessian matrix H of this appendix is [HC2] =

∂2
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3
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
The first-order principal minor of a 1 × 1 Hessian matrix is |H11| =

∣∣∣∣ ∂2

∂𭟋2
3
πR

∣∣∣∣ = −γ3 +

ε3κ3(ε3 − 1)(ϑ2 − hϑ1 − rv)𭟋ε3−2
3 < 0 if −ν < −γ3 + ε3κ3(ε3 − 1)(ϑ2 − hϑ1 − rv)𭟋ε3−2

3 < 0.
The second-order principal minor of a 2 × 2 Hessian matrix is [H22] =∣∣∣∣∣∣

∂2

∂𭟋2
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(
−γ3 + ε3κ3(ε3 − 1)(ϑ2 − hϑ1 − rv)𭟋ε3−2

3

)
(−ν) > 0.

|H11| < 0 and −ν < 0. The third-order principal minor of a 3 × 3 Hessian matrix is
|H33| =∣∣∣∣∣∣∣∣∣
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)
|H22| < 0.
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If L1 = ∂2

∂𭟋2
3
πR − ∂2

∂ς∂𭟋3
πR + ∂2

∂ϑ2∂𭟋3
πR < 0, i.e., −γ3 + ε3κ3(ε3 − 1)(ϑ2 − hϑ1 −

rv)𭟋ε3−2
3 + ε3κ3𭟋ε3−1

3 < 0 and as |H22| > 0. The fourth-order principal minor of a 4 × 4
Hessian matrix is |H44| = |HC2| = (L1 +

∂2

∂ϱ3∂𭟋3
πR)|H33| < 0. L1 +

∂2

∂ϱ3∂𭟋3
πR < 0 and

|H33| < 0.
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